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FOREWORD 
The work d e s c r i b e d  i n  t h i s  r e p o r t  was performed by Mechanical Technology Incor -  
po ra t ed  under NASA C o n t r a c t  NASw-1705. The o v e r a l l  o b j e c t i v e  of t h i s  c o n t r a c t  
was t o  deve lop  a comprehensive dynamical t h e o r y  of forced-convect ion  b o i l i n g  i n  
l i q u i d  m e t a l s .  Th i s  r e p o r t  covers  t h e  second a s p e c t  of  t h i s  s tudy ;  namely, t h e  
evapora t ion  r a t e s  f o r  v a r i o u s  thermo-hydraul ic  p r o c e s s e s  i n  fo rced  convec t ive  
b o i l i n g  w i t h  s u p e r h e a t .  
The work was done under t h e  t e c h n i c a l  management of M r .  S. V. Manson, NASA 
Headquar te rs ,  Nuclear Power Systems. 
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The combination of e x c e l l e n t  thermal  c o n d u c t i v i t y ,  h i g h  v a p o r i z a t i o n  t empera tu re  
and moderate vapor p r e s s u r e  possessed by a l k a l i  me ta l s  makes them v e r y  a t t r a c t i v e  
f o r  u se  a s  working f l u i d s  f o r  Rankine c y c l e  space power systems.  Consequently,  
c o n s i d e r a b l e  e f f o r t  h a s  been devoted r e c e n t l y  toward development of once-through 
a l k a l i  metal  b o i l e r s  i n  which t h e  l i q u i d  me ta l  e n t e r s  subcooled, i s  vaporized and 
d e p a r t s  a s  s a t u r a t e d  o r  supe rhea ted  vapor .  Much of t h e  work t o  d a t e  has  concen- 
t r a t e d  on b o i l e r s  f o r  potassium and sodium, and c o n s i d e r a b l e  a t t e n t i o n  h a s  been 
p a i d  t o  t h e  problem of a c h i e v i n g  s t a b i l i t y  o f  o p e r a t i o n  of such b o i l e r s ,  
A number of t r a d i t i o n a l  i n s t a b i l i t y  mechanisms f o r  b o i l i n g  flow have been recog- 
n i zed  f o r  some t i m e ,  e . g .  “Ledinegg Excursions:‘ and l i q u i d  me ta l  b o i l e r s  a r e  sub- 
j e c t  t o  t h e s e  i n s t a b i l i t i e s  a s  w e l l  a s  a re  w a t e r  b o i l e r s ,  The problem of t h e  
s t a b i l i t y  o f  l i q u i d  me ta l  b o i l e r s ,  however, i s  f u r t h e r  complicated by t h e  f a c t  
t h a t  l i q u i d  me ta l s  can e x h i b i t  ve ry  l a r g e  deg rees  of s u p e r h e a t i n g  b e f o r e  incep-  
t i o n  of b o i l i n g .  T h i s  makes dynamic a n a l y s i s  of b o i l i n g  l i q u i d  me ta l  f low q u i t e  
d i f f i c u l t  because one can no longe r  assume t h a t  t h e  f low i s  i n  thermodynamic 
e q u i l i b r i u m .  Moreover, t h e  supe rhea t ing  o f  l i q u i d  metals appear  t o  g i v e  r i s e  t o  
a unique type  o f  f low i n s t a b i l i t y  a s s o c i a t e d  w i t h  d r a s t i c  flow regime changes i n  
t h e  b o i l i n g  channe l .  T h i s  i n s t a b i l i t y  i s  of t h e  fo l lowing  n a t u r e ,  
When power i n p u t  t o  t h e  hea ted  l e n g t h  of a l i q u i d  metal  b o i l e r  i s  s t e a d i l y  i n -  
c r eased  from ze ro ,  a p o i n t  i s  reached when t h e  f low t empera tu re  a t  t h e  e x i t  o f  
t h e  hea ted  l e n g t h  r eaches  s a t u r a t i o n  t empera tu re ,  Due t o  t h e  tendency of l i q u i d  
me ta l s  t o  s u p e r h e a t  i n  t h e  l i q u i d  phase,  f u r t h e r  i n c r e a s e  i n  power o f t e n  does 
n o t  r e s u l t  i n  i n c e p t i o n  of b o i l i n g ,  b u t  r a t h e r  l e a d s  t o  t h e  c o n d i t i o n  t h a t  super-  
hea t ed  f low ex i t s  from t h e  hea ted  l e n g t h .  A s  power i s  f u r t h e r  i n c r e a s e d ,  however, 
a p o i n t  i s  reached where t h e  deg ree  of s u p e r h e a t  a t  the e x f t , i s . s u f f f c i e n t l y  
l a r g e  such t h a t  n u c l e a t i o n  of vapor  bubbles w i l l  occu r  and b o i l i n g  w i l l  commence. 
The b o i l i n g  w i l l  t h e n  tend t o  p ropaga te  upstream i n t o  superheated l i q u i d ,  c a u s i n g  
a sudden change of f low regimes and r e s u l t i n g  i n  u n d e s i r a b l e  r a p i d  t empera tu re  
f l u c t u a t i o n s  i n  t h e  b o i l i n g  channe l .  The vapor l i q u i d  i n t e r f a c e  then  can (a) 
r each  a s t a b l e  p o s i t i o n ,  (b) o s c i l l a t e  w i t h i n  a f i n i t e  zone, o r  (c) be swept back 
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o u t  of t h e  b o i l e r  t o  r e e n t e r  l a t e r  a s  s u p e r h e a t i n g  a g a i n  accumulates.  The l a t t e r  
two modes a r e ,  of c o u r s e ,  deemed u n s t a b l e  and a r e  t o  be avoided i f  p o s s i b l e .  
Which mode occur s  is governed by t h e  thermo-hydraulic c h a r a c t e r i s t i e s  of t h e  b o i l e r  
and i t s  a s s o c i a t e d  flow loop. 
Because of t h e  t e c h n o l o g i c a l  importance of  l i q u i d  me ta l  b o i l e r &  a n  a n a l y t i c a l  
program was under taken  a t  M.T,I. under NASA C o n t r a c t  Number NASw-1705 d i r e c t e d  
toward o b t a i n i n g  s o l u t i o n s  f o r  t h e  therms-hydraul ic  l i q u i d  me ta l  b o i l e r  s t a b i l i t y  
problem, The c rux  o f  t h i s  s t u d y  i s  t h e  problem of  t h e  nonequi l ibr ium behavior  of 
l i q u i d  meta l  f lows. 
The program was c a r r i e d  out  i n  two phases .  The f i r s t  phase is  concerned w i t h  
t h e  p r e d i c t i o n  of i n c i p i e n t  b o i l i n g ,  and t h e  cor responding  s t u d y  has  been doc- 
umented i n  a t o p i c a l  r e p o r t ,  MTI-69TR45, "A Review of C r i t e r i a  f o r  P r e d i c t i n g  
I n c i p i e n t  Nuclea t ion  i n  Liquid  Metals and Ordinary F l u i d s , "  by J.H. Vohr and 
T. Chiang ERef. 411. 
Th i s  document is t h e  second t o p i c a l  r e p o r t  of t h e  s u b j e c t  c o n t r a c t  and is  con- 
cerned  wi th  t h e  v a r i o u s  v a p o r i z a t i o n  p rocesses  subsequent t o  i n c i p i e n t  b o i l i n g  
i n  t h e  fo rced  convec t ive  flow of a supe rhea ted  l i q u i d .  In p a r t i c u l a r ,  
approximate d e r i v a t i o n s  i n  c losed  form f o r  t h e  growth of a submerged s i n g l e  vapor 
bubble and f o r  t h e  p ropaga t ion  of a l a r g e  c e n t r a l  vo id  i n  a fo rced  convec t ive  
flow a r e  c a r r i e d  o u t .  In  a d d i t i o n ,  g e n e r a l  expres s ions  f o r  t h e  vapor  g e n e r a t i o n  
r a t e  a r e  c o n s t r u c t e d  no t  on ly  f o r  above two p rocesses  bu% a l s o  f o r  t h e  a n n u l a r  
and t h e  d i s p e r s e d  flow regimes.  
3 
VOID DYNAMICS 
The growth r a t e  of a vapor bubble i n  an  i n f i n i t e ,  superheated l i q u i d  i s  a b a s i c  
p h y s i c a l  pWnomenon which p l a y s  a r o l e  i n  many f l u i d  mechanical and h e a t  t r a n s f e r  
p r o c e s s e s .  As such, i t  h a s  been t h e  o b j e c t  of a c o n s i d e r a b l e  amount of a n a l y t i c a l  
s t u d y .  S o l u t i o n s  f o r  bubble  growth r a t e  have been ob ta ined  which c o n s i d e r  t h a t  
t h i s  growth i s  c o n t r o l l e d  s o l e l y  by hydrodynamic f o r c e s ,  by h e a t  t r a n s f e r ,  by mass 
t r a n s f e r ,  o r ,  more g e n e r a l l y ,  by a combination of t h e s e  e f f e c t s ,  These s o l u t i o n s  
w i l l  be c i t e d  below i n  t h e  cour se  of a g e n e r a l  d i s c u s s i o n  of t h e  p h y s i c a l  problem 
of t h e  growth o f  a vapor  bubble .  
Consider  a vapor  bubble of r a d i u s  R i n  an  i n f i n i t e  l i q u i d  medium a s  shown i n  F ig -  
u r e  1. L e t  u s  assume t h a t  P t h e  p r e s s u r e  i n s i d e  t h e  bubble ,  i s  due e n t i r e l y  t o  
t h e  vapor p r e s s u r e  o f  t h e  l i q u i d  su r round ing  t h e  bubble  i . e .  no noncondensible 
gases  a r e  p r e s e n t  i n  t h e  bubble .  L e t  u s  a l s o  assume t h a t  t h e  bubble  i s  i n  a con- 
d i t i o n  of s t a t i c  e q u i l i b r i u m  a t  R = R such t h a t  t h e  vapor p r e s s u r e  i n s i d e  t h e  
bubble i s  s u f f i c i e n t l y  g r e a t e r  t h a n  t h e  l i q u i d  p r e s s u r e  Pm so a s  t o  j u s t  ba l ance  
t h e  s u r f a c e  t e n s i o n  f o r c e  2o/R i . e ,  
V 
V I  
V 0 
0 
P = P + 2a /Ro  
V aD 
For P 
supe rhea ted  by a n  a p p r o p r i a t e  amount 
t o  be g r e a t e r  t h a n  Pa r e q u i r e s  t h a t  t h e  l i q u i d  a t  the bubble s u r f a c e  be 
V 
T s a t  ATs = T - m 
where Tm i s  t h e  t empera tu re  of t h e  l i q u i d  and Tmt i s  t h e  s a t u r a t i o n  t empera tu re  
co r re spond ing  t o  Pm. 
L e t  us deno te  t h e  t empera tu re  i n  t h e  l i q u i d  j u s t  a t  t h e  bubble s u r f a c e  a s  T L e t  
us f u r t h e r  d e n o t e  P a s  t h e  s a t u r a t i o n  vapor p r e s s u r e  corresponding t o  T A t  





T h i s  e q u i l i b r i u m  c o n d i t i o n  i s ,  however, u n s t a b l e  because i f  t h e  bubble  r a d i u s  i s  
inc reased  s l i g h t l y  i . e .  R becomes s l i g h t l y  g r e a t e r  t han  R then  t h e  p r e s s u r e  
i n s i d e  t h e  bubble  w i l l  be  g r e a t e r  t han  t h a t  r e q u i r e d  t o  main ta in  e q u i l i b r i u m  a- 
g a i n s t  s u r f a c e  t e n s i o n  f o r c e s  and t h e  bubble  w i l l  commence t o  expand, 
occur s ,  t h r e e  d i s t i n c t  mechanisms 
t h e  bubble .  These a r e :  1. I n e r t i a  f o r c e s  a s s o c i a t e d  w i t h  a c c e l e r a t i o n  of t h e  
l i q u i d  r a d i a l l y  outward from t h e  expanding bubble s u r f a c e ,  2 .  Heat t r a n s f e r  
a s s o c i a t e d  w i t h  t h e  n e c e s s i t y  of vapor i z ing  l i q u i d  t o  f i l l  t h e  growing vapor 
bubble ,  and 3 .  Mass t r a n s f e r ,  a l s o  a s s o c i a t e d  w i t h  t h e  n e c e s s i t y  of  vapor i z ing  
l i q u i d  i n t o  t h e  bubble .  L e t  us s e e  how each  of  t h e s e  mechanisms a c t s .  
V 0 ,  
A s  t h i s  
come i n t o  p l a y  t o  c o n t r o l  t h e  growth r a t e  of ' 
F i r s t ,  i f  t h e  l i q u i d  had i n f i n i t e  thermal  c o n d u c t i v i t y  and a very  h i g h  c o e f f i c i -  
e n t  of v a p o r i z a t i o n ,  t hen  T would remain equa l  t o  Tw and no s i g n i f i c a n t  d i f f e r -  
ence between P 
Hence, P would remain c o n s t a n t  a t  t h e  s a t u r a t i o n  vapor  p r e s s u r e  cor responding  t o  
Tw throughout  t h e  growth of t h e  bubble  and growth r a t e  would be c o n t r o l l e d  e n t i r e l y  
by t h e  f o r c e  r equ i r ed  t o  a c c e l e r a t e  l i q u i d  r a d i a l l y  outward by t h e  expanding bub- 
b l e  s u r f a c e .  The s o l u t i o n  f o r  bubble  growth r a t e  under t h e s e  c o n d i t i o n s  was ob- 
t a i n e d  by Rayle igh  (Ref.  2 )  and w i l l  be d e s c r i b e d  i n  t h e  nex t  s e c t i o n .  
L Jr 
and PL would be r equ i r ed  t o  produce v a p o r i z a t i o n  i n t o  t h e  bubble .  
V 
V 
I f  t h e  thermal  c o n d u c t i v i t y  of t h e  l i q u i d  i s  f i n i t e ,  t hen  t h e  n e c e s s i t y  of provid-  
i n g  h e a t  t r a n s f e r  t o  t h e  growing bubble  t o  ma in ta in  v a p o r i z a t i o n  w i l l  r e q u i r e  t h a t  
T dec rease  below Two 
t h e n  t h e  bubble  growth r a t e  w i l l  be s u b s t a n t i a l l y  c o n t r o l l e d  by t h i s  h e a t  t r a n s f e r  
p r o c e s s .  Under t h e s e  c o n d i t i o n s ,  P w i l l  be  maintained a t  a va lue  very  n e a r  t o  
t h a t  r e q u i r e d  t o  j u s t  overcome Pa and s u r f a c e  t e n s i o n  f s r c e s  i , e .  
I f  thermal  c o n d u c t i v i t y  of t h e  l i q u i d  i s  s u f f i c i e n t l y  low, L 
V 
N 2 0  P = P o 3 + " - -  
RV 
V 
and TL w i l l  be t h e  va lue  of s a t u r a t i o n  tempera ture  cor responding  t o  P LI The prob- 
l e m  of c a l c u l a t i n g  bubble  growth under  t h i s  t he rma l ly  c o n t r o l l e d  c o n d i t i o n  becomes, 
e s s e n t i a l l y ,  a problem of c a l c u l a t i n g  t h e  r a t e  of  h e a t  t r a n s f e r  t o  a growing spher -  
i c a l  s u r f a c e  w i t h  boundary tempera ture  T given  by t h e  c o n d i t i o n  c i t e d  above.  Rate  L 
of  bubble  growth i s  governed, of cour se ,  by t h e  r a t e  of  l i q u i d  vapor ized  by t h i s  
h e a t  t r a n s f e r .  
V 
5 
S o l u t i o n s  t o  bubble growth r a t e  where growth i s  l i m i t e d  by t h e  h e a t  conduct ion  
i n  t h e  l i q u i d  have been ob ta ined  by a number of i n v e s t i g a t o r s  [Refs. 3 , 4 , 5 , 6 , 7 , 8 ] .  
The s o l u t i o n s  ob ta ined  a r e  v a l i d  f o r  what i s  r e f e r r e d  t o  as  t h e  asymptot ic  l a t e r  
s t a g e s  of  growth where s u r f a c e  t e n s i o n  e f f e c t s  a r e  no longe r  s i g n i f i c a n t .  Under 
t h e s e  c o n d t i o n s ,  P can  be s e t  approximate ly  e q u a l  t o  Pa ( s e e  Eq, ( 4 ) ) .  
V 
As has been po in ted  ou t  by Theofanous, e t  a 1  [Ref. 91,  t h e  growth r a t e  o f  a vapor 
bubble t ends  t o  be governed more by i n e r t i a  f o r c e s  d u r i n g  i t s  e a r l y  s t a g e s  of  
growth and more by h e a t  t r a n s f e r  du r ing  i t s  l a t e r  s t a g e s .  For l i q u i d  m e t a l s ,  
however, vapor bubble growth t ends  t o  remain dominated by i n e r t i a  f o r c e s  o r  mass 
t r a n s f e r  r e s i s t a n c e  throughout  a l l  of  t h e  s i g n i f i c a n t  growth pe r iod  of the  bubble,  
Hence, a n a l y s e s  which c o n s i d e r  t h a t  t h e  growth r a t e  i s  c o n t r o l l e d  s o l e l y  by h e a t  
t r a n s f e r  a r e  n o t  a p p l i c a b l e  t o  l i q u i d  m e t a l s ,  
A t h i r d  p o s s i b i l i t y  e x i s t s  wherein t h e  growth of  a vapor  bubble could  be con- 
t r o l l e d  s o l e l y  by mass t r a n s f e r  c o n s i d e r a t i o n s .  The n e t  evapora t ion  r a t e  from 
t h e  i n n e r  s u r f a c e  of t h e  bubble can be expressed  approximate ly  by t h e  r e l a t i o n -  
shipJc* 
2 4RRV C 
\ gcl  
where R = gas c o n s t a n t ,  C = v a p o r i z a t i o n  c o e f f i c i e n t ,  and Tv i s  t h e  tempera ture  
of  the  vapor  w i t h i n  t h e  bubble ,  The assumptions involved  i n  t h i s  r e l a t i o n s h i p  
a r e  t h a t  t h e  c o e f f i c i e n t s  f o r  evapora t ion  and f o r  condensa t ion  a r e  numer i ca l ly  
e q u a l ,  t h a t  t h e  vapor molecules have a Maxwellian d i s t r i b u t i o n ,  and t h a t  t h e  ab- 
s o l u t e  r a t e  o f  v a p o r i z a t i o n  i s  t h e  same i n  a vacuum a s  i t  i s  a t  p r e s s u r e  P Th i s  
e q u a t i o n  is  based on a model which c o n s i d e r s  v a p o r i z a t i o n  t o  be t h e  n e t  r e s u l t  of 
molecules d i f f u s i n g  toward t h e  i n t e r f a c e  a t  a s t a t i s t i c a l  mass r a t e  p e r  u n i t  a r e a  
V 
, and molecules d i f f u s i n g  away from t h e  i n t e r f a c e  a t  a 
* E 
g iven  by p 4 7
P *  
, where p = -- 
TL *jF V 
-v 
s t a t i s t i c a l  mass r a t e  p e r  u n i t  a r e a  g iven  by p 
A v a l u e  o f  C = 1 impl i e s  t h a t  a l l  molecules which d r i f t  toward t h e  i n t e r f a c e  a r e  
absorbed t h e r e  (condensed) whi le  new molecules a r e  f r e e l y  s u p p l i e d  (vapor i zed )  
a t  t h e  i n t e r f a c e  t o  d i f f u s e  away a t  r a t e  p; 
V 
A v a l u e  o f  C < 1 impl i e s  
t h a t  t h e s e  mechanisms of condensa t ion  and v a p o r i z a t i o n  a r e  e q u a l l y  suppres sed .  
**This i s  t h e  r e l a t i o n s h i p  used i n  r e f e r e n c e  9 ,  
6 
From Eq. (5) we s e e  t h a t  i f  t h e  v a p o r i z a t i o n  c o e f f i c i e n t  is  a p p r e c i a b l y  less than  
1, a s i g n i f i c a n t  d i f f e r e n c e  between P and P must be maintained i n  o r d e r  t o  
produce mass f l u x  i n t o  t h e  growing bubble .  For  C ve ry  s m a l l ,  bubble growth r a t e  
w i l l  be c o n t r o l l e d  by mass t r a n s f e r  r a t h e r  t han  by h e a t  t r a n s f e r  o r  by hydrodynamic 
f o r c e s .  Under t h e s e  c i rcumstances ,  T w i l l  approach T and Pv w i l l  be g iven  by E co 
Eq. ( 4 ) .  
y i e l d  an  expres s ion  a p p r o p r i a t e  f o r  bubble growth r a t e  c o n t r o l l e d  e n t i r e l y  by mass 
t r a n s f e r  c o n s i d e r a t i o n s  
* 
E V 
S u b s t i t u t i o n  of  t h e s e  va lues  f o r  T and Pv i n t o  Eq. (5) above w i l l  t hen  L 
I n  p h y s i c a l l y  r e a l  s i t u a t i o n s ,  bubble growth r a t e  i s  a f f e c t e d  by a l l  t h r e e  mecha- 
nisms: l i q u i d  i n e r t i a ,  h e a t  t r a n s f e r ,  and mass t r a n s f e r ,  Analyses of bubble growth 
r a t e  i n  which a l l  of t h e s e  e f f e c t s  a r e  t aken  i n t o  account  have been performed by 
Theofanous,  e t  a 1  [Ref, 9 1 ,  by Bornhorst  and Hatsopoulas [Ref, 103, and by Waldman 
and Houghton [Ref. 111. 
r a t e  were ob ta ined  on ly  by numerical  i n t e g r a t i o n  of n o n l i n e a r  d i f f e r e n t i a l  equa- 
t i o n s  us ing  a d i g i t a l  computer. Hence none of  t h e s e  ana lyses  provide  a ve ry  con- 
ven ien t  means f o r  t h e  eng inee r  t o  c a l c u l a t e  bubble growth r a t e s  f o r  p a r t i c u l a r  
s i t u a t i o n s  o f  i n t e r e s t .  
I n  each of  t hese  a n a l y s e s ,  however, s o l u t i o n s  f o r  growth 
I n  t h i s  p r e s e n t  r e p o r t  t h e r e  i s  developed an  a n a l y s i s  which, by d i n t  of a few 
reasonable  s i m p l i f y i n g  assumpt ions ,  a l lows  one t o  o b t a i n  a c losed  form a l g e b r a i c  
s o l u t i o n  f o r  bubble  growth r a t e  i nc lud ing  e f f e c t s  of l i q u i d  i n e r t i a ,  h e a t  t r a n s f e r  
and mass t r a n s f e r .  The s o l u t i o n  i s  v a l i d  f o r  a l l  phases  of bubble growth r a t e  
from i n i t i a l  phase t o  f i n a l  phase ,  and is found t o  ag ree  w e l l  wi th  more exac t  
ana lyses  of o t h e r  i n v e s t i g a t o r s  A d e s c r i p t i o n  of  t h i s  a n a l y s i s  fo l lows  below. 
Ana l y s  is 
The p r e s e n t  a n a l y s i s  of bubble growth r a t e  fo l lows ,  i n  some b a s i c  r e s p e c t s ,  t he  
a n a l y s i s  of  Theofanous,  e t  a 1  i n  t h a t  it employs t h e  same p h y s i c a l  assumptions 
concerning mass t r a n s f e r  r e l a t i o n s h i p s  and l i q u i d  tempera ture  p r o f i l e s  t h a t  t h e s e  
au tho r s  u s e d ,  I n  t h e  Theofanous approach,  however, t h e r e  a r e  obta ined  f i v e  non- 
l i n e a r  o r d i n a r y  d i f f e r e n t i a l  equa t ions  i n  t ime which must be i n t e g r a t e d  s imultan-  
eous ly  from a n  i n i t i a l  c o n d i t i o n  t o  o b t a i n  bubble r a d i u s  a s  a f u n c t i o n  of  t ime.  
I n  t h e  p r e s e n t  a n a l y s i s ,  approximate a l g e b r a i c  equa t ions  r a t h e r  t han  d i f f e r e n -  
t i a l  equa t ions  a r e  w r i t t e n  which must be s a t i s f i e d  a t  each i n s t a n t  of bubble 
growth. A s imultaneous s o l u t i o n  t o  t h e s e  a l g e b r a i c  r e l a t i o n s h i p s  provides  a 
c losed  form a l g e b r a i c  expres s ion  f o r  R t h e  r a t e  of change of bubble r a d i u s ,  v 9  
which may be so lved  f o r  any p a r t i c u l a r  i n s t a n t  i n  t h e  growth c y c l e  o f  a bubble ,  
The a n a l y s i s  proceeds a s  f o ~ ~ o w s :  
7 
A f i r s t  c o n d i t i o n  which must be s a t i s f i e d  a t  any i n s t a n t  i n  t h e  growth c y c l e  of 
a vapor bubble  i s  t h a t ,  due t o  c o n s e r v a t i o n  of  energy ,  t h e  work done by t h e  bubble  
on t h e  sur rounding  l i q u i d  a s  t h e  bubble  expands from i t s  i n i t i a l  c o n d i t i o n  of  e q u i l -  
i b r ium (R = R ) must equa l  t h e  k i n e t i c  energy  imparted t o  t h e  l i q u i d ,  According 
t o  Rayle igh  [Ref 
V 0 
2 1 ,  t h e  k i n e t i c  energy  of  an  i n f i n i t e  body of l i q u i d  sur rounding  
a n  expanding bubble  of r a d i u s  R and s u r f a c e  v e l o c i t y  R i s  g iven  by 
V V 
2ntR: R V 
K.E = 
gc 




- - -  
V 
2o P ) dR " 2  
OD 1 Rv ('v R V Work = 4n 
I n  the  Rayle igh  s o l u t i o n  f o r  growth r a t e ,  h e a t  t r a n s f e r  r e s i s t a n c e  i n  t h e  f l u i d  
i s  neg lec t ed  and i t  i s  assumed t h a t  t h e  vapor  p r e s s u r e  P 
c o n s t a n t  and i n  thermodynamic e q u i l i b r i u m  w i t h  t h e  l i q u i d  a t  t empera ture  To. i , e ,  
P i s  t h e  s a t u r a t i o n  vapor  p r e s s u r e  cor responding  t o  T L e t  u s  denote  t h i s  v a l -  
ue of vapor p r e s s u r e  a s  P With P c o n s t a n t  a t  P 
g i v e  
i n s i d e  t h e  bubble  i s  
V 
V J; %? 
Eq. (7)  i n t e g r a t e s  t o  Lo. Lo. V 
Equat ing  (6) t o  ( 8 ) ,  and s o l v i n g  f o r  Rv9 we o b t a i n  




which i s  t h e  s o - c a l l e d  "extended"**Rayleigh s o l u t i o n  f o r  bubble growth r a t e  
**Rayleigh d i d  no t  c o n s i d e r  s u r f a c e  t e n s i o n  i n  h i s  o r i g i n a l  a n a l y s i s .  
8 
This  s o l u t i o n  i s  n o t  used i n  t h e  p r e s e n t  a n a l y s i s .  
approximate form f o r  E q .  (9 )  i s  ob ta ined  below which pe rmi t s  t a k i n g  account  of 
h e a t  and mass t r a n s f e r .  
I n s t e a d ,  a more g e n e r a l  but  
I f  h e a t  and mass t r a n s f e r  r e s i s t a n c e  i s  c o n s i d e r e d ,  t hen  one f i n d s  t h a t  a s  R 
i n c r e a s e s  from R P w i l l  n o t  remain c o n s t a n t  b u t  w i l l  d e c r e a s e  monotonical ly  
from P 
V 
9: 0’ v 
La * 
I n  p a r t i c u l a r ,  from t h e  r e s u l t s  ob ta ined  i n  Ref .  9 ,  w e  expec t  P t o  d e c r e a s e  
r a p i d l y  a t  f i r s t  a s  R i n c r e a s e s  from R b u t  t h e n  t o  d e c r e a s e  much less  rap-  
i d l y  w i t h  R a s  R / R  becomes on t h e  o r d e r  of 3 o r  4 .  T h i s  behav io r  of P i s  
shown s c h e m a t i c a l l y  i n  F i g .  2 .  
V 
V 0 ,  
V v o  V 
Examining E q .  ( 7 ) ,  we n o t e  t h a t  t h e  f a c t o r  R i n  t h e  in t eg rand  g i v e s  heavy 
w e i g h t i n g  t o  v a l u e s  of P t aken  a t  l a r g e r  v a l u e s  of R i . e .  a t  v a l u e s  of R 
V V V 
n e a r  t h e  end of  t h e  range of i n t e g r a t i o n  r a t h e r  t han  a t  v a l u e s  of R nea r  R . 
Cons ide r ing  t h i s ,  p l u s  t h e  a n t i c i p a t e d  behav io r  of P w i t h  R a s  shown i n  F i g .  
2 ,  i t  seems r e a s o n a b l e  t o  t r e a t  t h e  v a r i a b l e  P i n  E q .  ( 7 )  a s  a c o n s t a n t  hav- 
i n g  t h e  v a l u e  t h a t  P o b t a i n s  a t  t h e  end of t h e  range o f  i n t e g r a t i o n .  Making 






and o u r  r e s u l t g n t  e x p r e s s i o n  f o r  R i s  
V 
I n  E q s .  (10) and ( l l ) ,  Pv i s  t h e  a s  y e t  unknown vapor p r e s s u r e  i n  t h e  bubble  a t  
t h e  t i m e  when t h e  bubble  r a d i u s  i s  R . 
V 
9 
we nex t  c o n s i d e r  t h e  the rma l  r e l a t i o n s  t h a t  must be s a t i s f i e d  du r ing  t h e  growth 
p rocess  of  t h e  bubble .  
de r ived  i n  Appendix 111. where i t  i s  o b t a i n e d  that  




PL d t  
+ - -  d t  J d t  
dUV 
i s  t h e  time r a t e  of change of  t h e  t o t a l  i n t e r n a l  energy i n s i d e  t h e  dUV where -d t  
bubble ,  V i s  t h e  volume o f  t h e  bubble ,  dt 
bubble ,  u is t h e  s p e c i f i c  i n t e r n a l  ene rgy ,  P i s  t h e  p r e s s u r e  of t h e  l i q u i d  j u s t  
a t  t h e  bubble  s u r f a c e ,  and J i s  t h e  conve r s ion  f a c t o r  t o  change B t u ' s  t o  f t - l b  
I n  t h i s  p r e s e n t  a n a l y s i s ,  w e  w i l l  use  t h e  fo l lowing  approximate expres s ion  f o r  
is  t h e  r a t e  of h e a t  t r a n s f e r  i n t o  t h e  
L L 
f '  
t h i s  energy  equa t ion  
I n  e s sence ,  Eq. (13) s t a t e s  t h a t  t h e  h e a t  f l u x  i n t o  t h e  bubble  can  be  predominate ly  
accounted f o r  by c o n s i d e r i n g  t h e  h e a t  o f  v a p o r i z a t i o n  a s s o c i a t e d  w i t h  t h e  i n c r e a s e  
i n  mass of t h e  bubble ,  n e g l e c t i n g  t h e  changes i n  mass a s s o c i a t e d  w i t h  changes i n  
vapor  d e n s i t y .  The s p e c i f i c  terms t h a t  a r e  neg lec t ed  i n  going from Eq. (12)  t o  
Eq. (13) a r e  i n d i c a t e d  i n  Appendix I I1 ,where  Eq. (13) i s  d e r i v e d ,  
I n  o r d e r  t o  expres s  t h e  h e a t  f l u x  2 d t ,  w e  s h a l l  assume a q u a d r a t i c  form f o r  t h e  
tempera ture  p r o f i l e  i n  t h e  l i q u i d  sur rounding  t h e  bubble  a s  was done i n  Ref. 9.* 
where % - R, i s  t h e  t h i c k n e s s  of t h e  the rma l  boundary l a y e r  sur rounding  t h e  
growing bubble .  % i s  a n  unknown v a r i a b l e  y e t  t o  be determined.  Using Eq. (14) 
Jc 
The s i g n i f i c a n c e  o f  t h i s  assumption f o r  t h e  form of  the tempera ture  p r o f i l e  is  
d i scussed  f u l l y  i n  Ref. 9 .  The conc lus ion  reached t h e r e  is t h a t  t h i s  assumed 
form is q u i t e  adequate  f o r  t h e  purpose of de te rmining  bubble growth r a t e .  
10 
t h e  r a t e  o f  h e a t  t r a n s f e r  i n t o  t h e  bubble can  be w r i t t e n  as  
S u b s t i t u t i n g  Eq. (15) i n t o  Eq. (13) one o b t a i n s  
A f u r t h e r  thermal  r e l a t i o n  t h a t  must be s a t i s f i e d  du r ing  t h e  growth r a t e  o f  a 
bubble -- i n  an i n f i n i t e  medium i s  t h a t  t h e  t o t a l  h e a t  t r a n s f e r r e d  t o  t h e  growing 
bubble must come from t h e  c o o l i n g  of t h e  superhea ted  l i q u i d  sur rounding  t h e  bubble.  
Expressed mathemat ica l ly ,  t h i s  c o n d i t i o n  i s  
where T is  g iven  by Eq. (14) 
than  unity.J;  The re fo re ,  we can make t h e  approximat ion  t h a t  r = R i n  t h e  i n t e g r a l  
on t h e  right hand s i d e  of  Eq. (17'). Making t h i s  approximat ion ,  and s u b s t i t u t i n g  
f o r  dQ/dt by means of Eq, (13) and f o r  T by means of  Eq. (14) one o b t a i n s  




This  assumption i s  based on da ta  from Ref. 9 .  
11 
One should n o t e  t h a t  i n  o b t a i n i n g  Eq.  (18) we make use of t h e  f a c t  t h a t  t h e  
i n t e g r a l  on t h e  right hand s i d e  of Eq.  (17) i s  t o  be eva lua ted  w i t h  t he ld  con- 
s t a n t  a t  t h e  va lue  cor responding  t o  t h e  upper l i m i t  of t h e  i n t e g r a l  on t h e  l e f t  
hand s i d e  of Eq.  (17) .  Hence R i s  a c o n s t a n t  i n  t h e  expres s ion  on t h e  r i g h t  
hand s i d e  of E q .  (18) and could be brought  o u t s i d e  t h e  i n t e g r a l .  
V 
Neglec t ing  t h e  v a r i a t i o n  of p w i t h  t ime,  which is  c o n s i s t e n t  w i th  t h e  assumptions 
involved i n  o b t a i n i n g  Eq.  ( 1 3 ) ,  w e  can  i n t e g r a t e  E q .  (18) t o  o b t a i n  
V 
where Ro i s  t h e  r a d i u s  of  t h e  vapor bubble a t  t 
bubble a t  t i m e  t .  
0 and R i s  the  r a d i u s  of t h e  
V 
A f o u r t h  c o n d i t i o n  t o  be s a t i s f i e d  du r ing  bubble  growth p e r t a i n s  t o  t h e  r a t e  of  
v a p o r i z a t i o n  mass t r a n s f e r .  A s  noted e a r l i e r ,  t h e  n e t  mass evapora t ion  r a t e  from 
t h e  inne r  s u r f a c e  of  t h e  bubble was expressed  approximately by Eq.  (5) .  I n  our  
p r e s e n t  a n a l y s i s ,  we make t h e  f u r t h e r  approximation t h a t  t h e  tempera tures  T and 
T can be r ep laced  i n  Eq.  (5) by t h e  tempera ture  Tm. With t h i s  approximation we 
o b t a i n  
L 
V 
Cons i s t en t  w i t h  t h e  approximations made i n  o b t a i n i n g  E q .  ( 1 3 ) ,  & may be w r i t t e n  
a s  
in N = pv 4TrRv 2 i& 
12 
Equat ing Eqs. (21) and (20) w e  o b t a i n  
I n  
A f u r t h e r  r e l a t i o n s h i p  r e q u i r e d  t o  s o l v e  ou r  system o f  equat ions  f o r  R i s  a 
v *  
r e l a t i o n s h i p  between t h e  d i f f e r e n c e  i n  s a t u r a t i o n  vapor  p r e s s u r e s ,  p; r PL ’ 
I n  g e n e r a l ,  t h i s  r e l a t i o n s h i p  can TL and t h e  d i f f e r e n c e  i n  tempera tures  Tm - 
be approximated q u i t e  w e l l  over  a narrow temperature  range by w r i t i n g  
* 
where P 
i s  t h e  average  s l o p e  of t h e  curve of vapor  p r e s s u r e  ve r sus  temperature  ove r  t h e  
range from T t o  Tm, i . e .  s a t  
denotes  t h e  s a t u r a t i o n  vapor  p r e s s u r e  cor responding  t o  T, and where K 
Lm 
9; 
- P  
co 
P 
T -  T s a t  
K 3  
CO 
Equat ions (ll), (16) ,  (19), (22) ,  and (23)  c o n s t i t u t e  a s u f f i c i e n t  number of 
a l g e b r a i c  equa t ions  f o r  us t o  o b t a i n  s o l u t i o n s  f o r  t h e  unknown v a r i a b l e s  R 
PL , TL, and %. 
* v’  pv’ 
The a l g e b r a i c  work r equ i r ed  t o  achieve  t h i s  i s  a s  fol lows:  
13 
First by eliminating (% - R ) between Eqs. (16) and (19) we obtain 
V 
2 - TL> 
R 3  
h fg pv 2 R  v R v (I.-$) 
7 1  
2cv PL KL 
Substituting for Tw - T in Eq. (23) from Eq. (25) yields L 
* * 
pLw - pL K 
Solve Eq. (26) for Rv 
h 
fg PV 
R R  1-5) R 3  
v v  
11 
2cv PL KL 
2 * * 
2(PL, - PL cv PL 5 
R =  
V 
R'  2 fg % V K2 h 
V 
Set Eq. (27) equal to Eq. (22) 
3 




(PL - Pv> 
The density p 
of the perfect gas law 




= -  
PV RTV 
-14 
Unfor tuna te ly ,  t h i s  s u b s t i t u t i o n  i n t r o d u c e s  a new unknown v a r i a b l e  T t h e  temper- 
a t u r e  of t h e  vapor i n s i d e  t h e  bubble .  Theofanous e t  a 1  solved t h i s  problem by 
c o n s i d e r i n g  s imul taneous ly  t h e  mechanisms f o r  mass and h e a t  t r a n s f e r  k i n e t i c s .  
Here we s h a l l  simply use t h e  approximation 
V' 
P 
N V  = -  
s a t  
PV RT 
where $,at is t h e  s a t u r a t i o n  tempera ture  cor responding  t o  P . 
t empera ture  f o r  e v a l u a t i n g  p because an a c c u r a t e  e v a l u a t i o n  of p i s  impor tan t  
on ly  when growth r a t e  i s  c o n t r o l l e d  by h e a t  o r  mass t r a n s f e r ;  and accord ing  t o  
is chosen a s  a 
w Tsat 
V V 
Ref .  9 ,  i f  t h e  growth r a t e  i s  completely 
* 
L *  Eq,  (28) i s  a q u a d r a t i c  equa t ion  i n  P 
pv by means of Eq. (30) we o b t a i n  
v4 T s a t '  
c o n t r o l l e d  by hea t  t r a n s f e r  then  T 
JC 
Solv ing  f o r  P and s u b s t i t u t i n g  f o r  L 
where 
2 
R 2 h  f g  RV 
CK 
S u b s t i t u t i n g  Eq. (31) and (30) i n t o  Eq. ( 2 2 )  y i e l d s  
- p  + - -  p V v  
V 2 
15 
Equa t ing  Eq. (33) t o  Eq. (11) t o  e l i m i n a t e  Rv, w e  o b t a i n ,  f i n a l l y ,  a f t e r  some 
r e a r r a n g i n g  
1 5fPLrn* - p + - pV'p - V 2 V P 
Eq. (34) i s  a n  a l g e b r a i c  equa t ion  i m p l i c i t l y  r e l a t i n g  t h e  unknown bubble  vapor 
p r e s s u r e  P t o  o t h e r  known p h y s i c a l  v a r i a b l e s .  It may be so lved  f o r  P and t h e  
r e s u l t i n g  v a l u e  f o r  P s u b s t i t u t e d  i n t o  e i t h e r  Eq. (33) o r  Eq. (11) t o  o b t a i n  
t h e  bubble  growth r a t e  Rv.  
V V P  
V 
A convenient  means f o r  s o l v i n g  Eq. (34) i s  by Newton-Raphson i t e r a t i o n .  The 
s o l u t i o n  scheme i s  d e s c r i b e d  i n  Appendix The s o l u t i o n  scheme i s  implemented 
by means of a s imple computer program, a l i s t i n g  f o r  which i s  a l s o  provided i n  
Appendix I .  
I n  a d d i t i o n  t o  P and R two o t h e r  q u a n t i t i e s  which a r e  of i n t e r e s t  t o  c a l c u l a t e  
a r e  Tm - TL, t h e  tempera ture  d i f f e r e n c e  a c r o s s  t h e  thermal  boundary l a y e r  s u r -  
rounding t h e  growing vapor  bubble ,  and (% - R ), t h e  t h i c k n e s s  of t h e  thermal  
boundary l a y e r .  
(25) and (30) 
V V '  
V 





TbD - TL 
The second of t h e s e  q u a n t i t i e s  may be obta ined  by subs t i t u t , - i g  Eq. 
Eq. (19) 
% - R v  = R 
V 
(35) 
35) above i n  
(36) 
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R e s u l t s  
Curves of bubble growth r a t e  iv versus  d imens ionless  bubble r a d i u s  r a t i o  R /R  
a s  ob ta ined  from t h e  p r e s e n t  s i m p l i f i e d  c l o s e d  form a n a l y s i s  a r e  compared i n  
F i g s .  3 and 4 w i t h  co r re spond ing  curves ob ta ined  from t h e  more e x a c t  numer ica l  
i n t e g r a t i o n  a n a l y s i s  of  Theofanous F igu re  3 i s  f o r  sodium a t  
14.7 p s i a  w i t h  a supe rhea t  of  273 F whi l e  F ig .  4 i s  f o r  water  a t  1.47 p s i a  w i t h  
a supe rhea t  of 4.81 F. I n  t h e  case  of  sodium, agreement between t h e  p r e s e n t  
a n a l y s i s  and t h a t  of  [Ref. 9 1  is  v e r y  good. 
growth r a t e  i s  c o n t r o l l e d  by f l u i d  i n e r t i a  f o r c e s  f o r  va lues  of v a p o r i z a t i o n  
c o e f f i c i e n t  C = 1 and C = m*e 
curves l a b e l e d  C = 03 and C = 1 w i t h  t h e  curve  shown f o r  t h e  "extended" Rayle igh  
s o l u t i o n  (Eq. ( 9 ) ) .  
c y c l e ,  h e a t  t r a n s f e r  begins  t o  e x e r t  an i n c r e a s i n g  impor tan t  i n f l u e n c e  on growth 
r a t e  r e s u l t i n g  i n  a r e d u c t i o n  i n  growth r a t e  below t h a t  p r e d i c t e d  by the  
"extended" Rayle igh  s o l u t i o n .  
v o  
e t  a 1  [Ref. 9 : .  
For sodium, t h e  i n i t i a l  bubble 
Th i s  i s  evidenced by t h e  c l o s e  agreement of t h e  
A t  h i g h e r  va lues  of  Rv/Ro, i . e . ,  l a t e r  i n  t ime i n  t h e  growth 
-1 For low v a l u e s  of t h e  v a p o r i z a t i o n  c o e f f i c i e n t  C ,  (C < 10 ) t h e  bubble growth 
r a t e  begins  t o  be i n c r e a s i n g l y  l i m i t e d  by mass t r a n s f e r  c o n s i d e r a t i o n s .  However, 
even f o r  va lues  of  C a s  low a s  10 , agreement between t h e  p r e s e n t  a n a l y s i s  and 
t h a t  of Theofanous remains q u i t e  good. T h i s - i n d i c a t e s  t h a t  t h e  s i m p l i f y i n g  
assumptions employed i n  a r r i v i n g  a t  Eqs. (10) and (20) of  t h e  p r e s e n t  a n a l y s i s  
a r e  q u i t e  r easonab le  f o r  t h i s  s i t u a t i o n ,  
- 2  
I n  F i g ,  4 ,  f o r  low p r e s s u r e  wa te r ,  t h e r e  i s  a g r e a t e r  d i sc repency  (up t o  16 
p e r c e n t )  between t h e  bubble growth r a t e s  p r e d i c t e d  by t h e  p r e s e n t  a n a l y s i s  and 
those  p r e d i c t e d  by t h e  Theofanous a n a l y s i s  t h a n  was ob ta ined  i n  t h e  c a s e  of 
sodium. Curves f o r  t h e  extended Rayleigh s o l u t i o n  (growth e n t i r e l y  dominated 
by i n e r t i a  e f f e c t s )  and t h e  S c r i v e n  s o l u t i o n  (growth e n t i r e l y  c o n t r o l l e d  by h e a t  
t r a n s f e r  e f f e c t s )  a r e  a l s o  inc luded  i n  F i g .  4. Comparison of  t h e  r e s u l t s  of t h e  
p r e s e n t  a n a l y s i s  o r  the  Theofanous a n a l y s i s  w i t h  t h e s e  l i m i t i n g  s o l u t i o n s  i n d i c a t e s  
* 
P h y s i c a l l y ,  C cannot be g r e a t e r  t h a n  u n i t y .  However, s e t t i n g  C = co is  a 
convenient mathematical  way of  n e g l e c t i n g  mass t r a n s f e r  r e s i s t a n c e .  
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t h a t  f o r  w a t e r  bo th  i n e r t i a l  and thermal  e f f e c t s  a r e  s i g n i f i c a n t  i n  c o n t r o l l i n g  
growth r a t e  throughout most of t h e  growth p rocess  
To t r y  t o  uncover t h e  r eason  f o r  t h e  d i sc repency  between t h e  p r e s e n t  work and 
t h e  Theofanous p r e d i c t i o n s  f o r  growth r a t e  i n  low p r e s s u r e  wa te r ,  some of t h e  
s i m p l i f y i n g  assumptions made i n  t h e  p r e s e n t  a n a l y s i s  o f  h e a t  t r a n s f e r  t o  t h e  
growing bubble were checked q u a n t i t a t i v e l y  f o r  t h e  c a s e  i n v e s t i g a t e d ,  The f i r s t  
assumption t o  be checked was whether o r  n o t  t h e  terms w i t h i n  t h e  b r a c k e t s  on t h e  
r i g h t  hand s i d e  of Eq. (C-14) i n  Appendix IIIcould, indeed,  be neg lec t ed  a t  t h e  
p o i n t  of maximum growth r a t e  which, f o r  C = a, occur s  a t  R /R  I= 6. Calcu la-  
t i o n s  based on t h e  p r e s e n t  a n a l y s i s  g ive :  
N 
v o  
2 Btu 
(hv - hL) pv Rv = 6 x 10- 
i n  - s e c  
Btu 
2 
i n  - s e c  
dPv - - 6.6 x lom4 RV - ( h v -  t  3 
- 9 . 1  x Btu RV 
T P V  ;iT” = 
V 
dh 
2 i n  - s e c  
-5 Btu 
2 - 3 . 7  x 10 Rv 1 dPv -- _I = i n  - s e c  3 J d t  
Hence w e  see t h a t  n e g l e c t  of  t h e  l a s t  t h r e e  terms above compared w i t h  t h e  f i r s t  
term i s ,  indeed,  j u s t i f i a b l e .  
Another  s i m p l i f y i n g  assumption made i n  t h e  p r e s e n t  h e a t  t r a n s f e r  a n a l y s i s  of a 
growing bubble was t h a t  t h e  q u a n t i t y  (\ - Rv)/Rv i s  much less t h a n  un i ty .  
assumption was used i n  d e r i v i n g  Eq. (19). From t h e  p r e s e n t  c a l c u l a t i o n s  f o r  
bubble growth i n  wa te r ,  i t  was determined t h a t  (% - R ~ ) / R ,  was always l e s s  
This 
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t h a n  .06, and g e n e r a l l y  l e s s  t han  .02 th roughout  t h e  growth of t h e  bubble.  
Hence, t h e  assumption t h a t  t h i s  i s  much less t h a n  u n i t y  should no t  l e a d  t o  g r o s s  
e r r o r .  
The f i n a l  s i m p l i f y i n g  approximation checked was t h e  approximation t h a t  t h e  v a r i -  
a b l e  Pv could be t r e a t e d  a s  a c o n s t a n t  i n  t h e  i n t e g r a t i o n  of Eq. ( 7 ) .  
checking t h i s ,  i t  was found t h a t  a l though  t h i s  i s  a r easonab ly  a c c u r a t e  approxi -  
mation f o r  t h e  s i t u a t i o n s  where bubble growth r a t e  i s  dominated by a s i n g l e  
mechanism, e i t h e r  hydrodynamic f o r c e s ,  h e a t  t r a n s f e r  o r  mass t r a n s f e r ,  i t  i s  n o t  
v e r y  a c c u r a t e  f o r  t h e  c a s e  where h e a t  t r a n s f e r  and hydrodynamic f o r c e s  a r e  both  
c o n t r o l l i n g  t h e  bubble growth p rocess .  Ira s h o r t ,  t h e r e f o r e ,  i t  i s  t h i s  
approximation t h a t  i s  r e s p o n s i b l e  f o r  t h e  d i s c r e p e n c i e s  noted i n  F ig .  4 .  However, 
s i n c e  t h e  d i s c r e p e n c i e s  noted  a r e  on ly  on t h e  o r d e r  of 16 p e r c e n t ,  i t  seems 
r easonab le  t o  conclude t h a t  t h e  p r e s e n t  approximate s o l u t i o n  f o r  bubble growth 
r a t e  s t i l l  c o n s t i t u t e s  a u s e f u l  t o o l  f o r  bubble growth r a t e  c a l c u l a t i o n s ,  
p a r t i c u l a r l y  i n  view of t h e  r e l a t i v e  s i m p l i c i t y  i t  o f f e r s  compared t o  o t h e r  more 
e x a c t  s o l u t i o n s .  
I n  
The present a n a l y s i s  of bubble growth r a t e  can be used q u i t e  conven ien t ly  t o  
o b t a i n  da t a  f o r  use w i t h  a c o n s t i t u t i v e  equa t ion  f o r  nonequi l ibr ium v a p r o i z a t i o n  
of  l i q u i d  me ta l s  i n  t h e  bubble flow regime. Th i s  c o n s t i t u t i v e  e q u a t i o n  i s  con- 
s i d e r e d  l a t e r  i n  t h i s  r e p o r t .  'Looking a t  t h e  bubble growth r a t e  curves  i n  F i g .  3 ,  
one s e e s  t h a t  i n  t h e  v i c i n i t y  of t h e  p o i n t  of  maximum growth r a t e  f o r  h i g h l y  
superhea ted  sodium, growth r a t e  remains f a i r l y  c o n s t a n t  ove r  a wide range of 
bubble r a d i u s ,  i . e .  from Rv/Ro = 10 to s a y  Rv/Ro = 10,000. Noting t h a t  f o r  Jx 
e 4 x loe5 i n . ,  we s e e  t h a t  bubble growth r a t e  can be cons ide red  
S ince  a bubble r a d i u s  of 0.4 
RO 
t h i s  c a s e ,  
t o  remain f a i r l y  c o n s t a n t  f o r  0.0004 < R < 0.4. 
inches r e p r e s e n t s  a s i z e  which i s  on t h e  o r d e r  o f  t h e  r a d i u s  of t y p i c a l  once 
through l i q u i d  meta l  b o i l e r  t u b e s ,  i t  seems r easonab le  t o  s a y  t h a t  once bubbles 
reached t h i s  s i z e ,  t h e  flow regime would change from bubble flow t o  some o t h e r  
t r a n s i t i o n  regime between bubble flow and a n n u l a r  flow. E s s e n t i a l l y ,  t h e n ,  i t  
v -  e 
Jx 
The same i s  t r u e  f o r  wa te r  bu t  ove r  a much more l i m i t e d  range of R /Roe  
V 
19 
seems q u i t e  adequate  t o  c o n s i d e r  bubble growth r a t e  R t o  be c o n s t a n t  throughout 
most of  t h e  meaningful p a r t  of t h e  growth c y c l e  and t h a t  the  maximum v a l u e  of R 
could  be chosen a s  t h i s  c h a r a c t e r i s t i c  growth r a t e .  I n  l i n e  w i t h  t h i s  approach, 
curves  a r e  p r e s e n t e d  i n  F i g s .  5,  6 and 7 ,  showing t h e  maximum va lue  o f  bubble 
growth r a t e  v e r s u s  degree  of supe rhea t  f o r  wa te r ,  po tass ium and cesium. Curves 
a r e  p re sen ted  i n  each f i g u r e  f o r  t h r e e  va lues  of  v a p o r i z a t i o n  c o e f f i c i e n t  C .  
These curves of c h a r a c t e r i s t i c  growth may be u s e f u l  i n  ana lyz ing  nonequi l ibr ium 
vapor g e n e r a t i o n  fo l lowing  i n c e p t i o n  of n u c l e a t i o n  i n  superhea ted  l i q u i d  me ta l s .  
V 
V 
The v a r i a t i o n  o f  maximum bubble growth r e t e  w i t h  system p r e s s u r e  a t  c o n s t a n t  
supe rhea t  0 shows some i n t e r e s t i n g  c h a r a c t e r i s t i c s  depending on t h e  va lue  
chosen f o r  C t h e  v a p o r i z a t i o n  c o e f f i c i e n t .  For  l a r g e  C (C > 1) i n  potass ium,  
bubble growth r a t e  i s  c o n t r o l l e d  e n t i r e l y  by f l u i d  i n e r t i a  e f f e c t s ,  and t h e  growth 
r a t e  i n c r e a s e s  monotonica l ly  w i t h  system p r e s s u r e  due t o  t h e  f a c t  t h a t  t h e  d r i v i n g  
f o r c e  f o r  bubble growth, r e p r e s e n t e d  by t h e  term IC = (PL. - PL >/(To3 - TL> 
c r e a s e s  wi th  system p r e s s u r e .  On t h e  o t h e r  hand, f o r  ve ry  low v a l u e s  of C (C < 
10 ) bubble growth r a t e  i s  c o n t r o l l e d  by mass  t r a n s f e r  c o n s i d e r a t i o n s ,  and t ends  
t o  dec rease  w i t h  system p r e s s u r e  due t o  t h e  f a c t  t h a t  t h e  vapor  d e n s i t y ,  
i n c r e a s e s  w i t h  p r e s s u r e .  For v a l u e s  of C between 1 and 10 , bubble growth r a t e  
demonst ra tes  a maximum a t  some p a r t i c u l a r  va lue  of sys tem p r e s s u r e .  Th i s  behav io r  
i s  i l l u s t r a t e d  i n  F i g .  8. 
* * 
in- 
- 2  
PV , - 2  
From F ig .  6 o r  7 ,  one can s e e  t h a t  f o r  even modest degrees  of  s u p e r h e a t i n g  i n  
l i q u i d  m e t a l s ,  bubble growth r a t e s  (assuming C = 1) a r e  v e r y  r a p i d ,  so  r a p i d  i n  
f a c t  t h a t  one would q u e s t i o n  whether a bubble flow regime would e v e r  be ob ta ined  
i n  b o i l i n g  me ta l  f lows. Fo r  example, c o n s i d e r  a l i q u i d  potassium b o i l i n g  flow 
w i t h  an i n l e t  v e l o c i t y  o f  two f e e t  p e r  second (g 60 cm/sec).  
i n c e p t i o n  of n u c l e a t i o n  i s  a s  l i t t l e  a s  4 F o r  h i g h e r ,  which i t  i s  c e r t a i n l y  
l i k e l y  t o  b e ,  t h e n  t h e  bubble  growth r a t e  w i l l  be e q u a l  t o  o r  g r e a t e r  t h a n  t h e  
i n l e t  flow v e l o c i t y  and a vapor bubble ,  once i n i t i a t e d ,  would tend t o  grow t o  
f i l l  t h e  duc t  b e f o r e  moving any s i g n i f i c a n t  d i s t a n c e  down t h e  duc t .  This 
s i t u a t i o n  does n o t  tend t o  occur  i n  b o i l i n g  wa te r  f low,  no t  because bubble growth 
r a t e s  i n  supe rhea ted  wa te r  a r e  no t  comparably h i g h ,  b u t  simply because bu lk  
supe rhea t s  of  even t h i s  s m a l l  o r d e r  of magnitude t end  n o t  t o  develop i n  b o i l i n g  
I f  t h e  supe rhea t  a t  
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wate r  f lows ,  
L i t t l e  i n fo rma t ion  i s  a v a i l a b l e  f o r  de te rmining  va lues  of t h e  v a p o r i z a t i o n  eo- 
e f f i c i e n t  C f o r  l i q u i d  me ta l s .  A d i s c u s s i o n  of  exper imenta l  measurements of  C f o r  
v a r i o u s  f l u i d s  is  g iven  i n  Ref.  9 .  There i t  is  noted  t h a t  l i q u i d  me ta l  s t u d i e s  
r epor t ed  by G r i f f i t h  i n d i c a t e  t h a t  va lues  of  C f o r  Hg, K and Na a r e  1 o n l y  a t  
v e r y  low p r e s s u r e s  and dec rease  wi th  p r e s s u r e  t o  become a s  low a s  5 x 10 a t  one 
atmosphere.  However, c o n s i d e r a b l e  disagreement  s t i l l  exis ts  concern ing  t h e  in-  
t e r p r e t a t i o n  of measurements of C .  
- 2  
I n  t h e  c a s e  where bubble  growth r a t e  is  g r e a t e r  t h a n  flow v e l o c i t y ,  t h e  p o s s i b i l i t y  
exists t h a t  f low would pass  d i r e c t l y  from an  a l l  l i q u i d  s i t u a t i o n  t o  a n  a n n u l a r  
t ype  flow regime. Assoc ia t ed  w i t h  t h i s  t ype  of  s i t u a t i o n  i s  t h e  q u e s t i o n  of t h e  
s t a b i l i t y  of  t h e  l o c a t i o n  of  t h e  beginning  of  such a n  a n n u l a r  flow regime. I f  
a c o n s i d e r a b l e  degree  of  supe rhea t  were r e q u i r e d  t o  i n i t i a t e  n u c l e a t i o n ,  t h e n  t h e  
p o s s i b i l i t y  ex is t s  t h a t  t h e  p o i n t  of beginning  o f  t h e  a n n u l a r  f low regime may 
move upstream i n t o  t h e  supe rhea ted  l i q u i d  p reced ing  t h e  p o i n t  of i n c e p t i o n  of 
n u c l e a t i o n .  This  p o s t u l a t e d  changing of p o s i t i o n  of t h e  beginning  of a n  a n n u l a r  
type flow regime wi thou t  development of  new n u c l e a t i o n  s i t e s  on t h e  w a l l  o f  t h e  
hea ted  d u c t  w e  s h a l l  r e f e r  t o  a s  p ropaga t ion  o f  a c e n t r a l  vapor  vo id .  An a n a l y s i s  
of t h i s  p o t e n t i a l  mechanism i s  p re sen ted  i n  t h e  next  s e c t i o n .  
2 1  
I n  t h i s  s e c t i o n  i s  developed an  approximate a n a l y s i s  o f  t h e  dynamics o f  a c e n t r a l  
void i n  a b o i l i n g  f low i n  which thermodynamic e q u i l i b r i u m  i s  n o t  n e c e s s a r i l y  main- 
t a i n e d .  
vapor  g e n e r a t i o n  i n t o  t h e  c e n t r a l  void.  
s i d e r e d  wherein t h e  void develops from i n c e p t i o n  o f  b o i l i n g  a t  t h e  e x i t  of a hea ted  
d u c t .  T h i s  a n a l y s i s  c o n t a i n s ,  a s  a s p e c i a l  c a s e ,  t h e  s i t u a t i o n  of a c e n t r a l  void 
s t a b l y  l o c a t e d  a t  some p o i n t  a long  t h e  hea ted  d u c t .  
The a n a l y s i s  i s  based on a s imple "shock f r o n t "  c o n s t i t u t i v e  model f o r  
A p a r t i c u l a r  dynamic s i t u a t i o n  i s  con- 
The c o n s t i t u t i v e  e q u a t i o n  f o r  vapor g e n e r a t i o n  f o r  a c e n t r a l  void under c o n d i t i o n s  
of thermodynamic nonequ i l ib r ium i s  e x p l i c i t l y  formulated i n  a l a t e r  s e c t i o n .  
The void p ropaga t ion  a n a l y s i s  p re sen ted  i n  t h i s  s e c t i o n  p rov ides  an  example of how 
t h i s  c o n s t i t u t i v e  r e l a t i o n  i s  used.  
a. 
3 
D e s c r i p t i o n  of Problem 
Consider  t h e  s i t u a t i o n  of a hea ted  d u c t  c o n t a i n i n g  a f lowing  a l k a l i  metal  where 
q ,  t h e  h e a t  i n p u t  t o  t h e  d u c t  p e r  u n i t  l e n g t h ,  i s  g r a d u a l l y  i n c r e a s e d  t o  t h e  p o i n t  
where i n c i p i e n t  n u c l e a t i o n  of b o i l i n g  w i l l  occur  a t  t h e  ex i t  o f  t h e  d u c t .  With 
a l k a l i  m e t a l s ,  it u s u a l l y  r e q u i r e s  a s u b s t a n t i a l  deg ree  of s u p e r h e a t  ( a s  much as  
100°F t o  300°F) t o  produce i n c i p i e n t  b o i l i n g .  
v e r y  l a r g e  vapor  vo ids  w i l l  be  c r e a t e d  a lmos t  i n s t a n t a n e o u s l y  due t o  t h e  ve ry  r a p i d  
growth of vapor  bubbles  i n  h i g h l y  superheated l i q u i d  me ta l s  (see p rev ious  s e c t i o n  
on bubble growth r a t e ) .  I n  t h e  s i t u a t i o n  b e i n g  cons ide red ,  t h e  l i q u i d  w i l l  be supe r -  
hea t ed  f o r  some d i s t a n c e  upstream of t h e  d u c t  e x i t .  Hence, t h e r e  i s  a s t r o n g  l i k l i -  
hood t h a t  once i n c i p i e n t  n u c l e a t i o n  does occur ,  t h e  vapor void gene ra t ed  w i l l  prop- 
a g a t e  upstream i n t o  supe rhea ted  l i q u i d  r a t h e r  t h e n  
by t h e  mechanism of having n u c l e a t i o n  p r o g r e s s  upstream a long  t h e  w a l l  of t h e  d u c t .  
Hence, when b o i l i n g  f i r s t  does occur ,  
Experimental  evidence does sugges t  t h a t  once i n c i p i e n t  n u c l e a t i o n  does  occur  [Refs 
12 and 131 b o i l i n g  p ropaga te s  r a p i d l y  upstream t o  roughly t h e  p o i n t  where t h e  l i q u i d  
i s  a t  s a t u r a t e d  t empera tu re .  Under some c i r cums tances ,  however, b o i l i n g  may n o t  be 
22 
s t a b l y  main ta ined  a t  thFs l o c a t i o n ,  but  r a t h e r  t h e  b o i l i n g  may be quenched, and 
t h e  vapor void  washed downstream, t h e  l i q u i d  i n  t h e  duc t  t h e n  becoming super- 
hea t ed  a g a i n  u n t i l  i n c i p i e n t  n u c l e a t i o n  occurs  a t  t h e  duc t  exi t  and t h e  p rocess  
r e p e a t s  i t s e l f .  This  c y c l i c a l  i n s t a b i l i t y  i s  unique t o  fo rced  convec t ion  b o i l i n g  
o f  l i q u i d  meta ls  and r e p r e s e n t s ,  obv ious ly ,  an u n d e s i r a b l e  o p e r a t i n g  c o n d i t i o n  
f o r  t h e  b o i l e r .  
I n  t h e  fo l lowing  pages of t h i s  r e p o r t  a r e  developed t h e  equa t ions  and r e l a t i o n -  
s h i p s  govern ing  t h e  p ropaga t ion  of a vapor  void  upstream o r  downstream i n  
a hea ted  duct from t h e  i n s t a n t  i n  t ime when i n c i p i e n t  n u c l e a t i o n  f i r s t  occu r s  
a t  t h e  e x i t  o f  t h e  d u c t .  
a r e  made t o  b r i n g  ou t  t h e  e s s e n t i a l  p h y s i c a l  mechanisms. However, t h e  b a s i c  
a n a l y s i s  could  r e a d i l y  be developed wi th  a h i g h e r  degree  of accu racy  o r  g e n e r a l i t y .  
In the  a n a l y s i s ,  a number of s i m p l i f y i n g  assumptions 
Ana l y s  i s  
Cons ider  Fig.  9 which shows a vapor void  i n  a hea ted  duc t  moving w i t h  v e l o c i t y  v 
i n t o  a l i q u i d  flow which i s  moving downstream w i t h  in s t an taneous  e n t r a n c e  v e l o c i t y  
V i .  
f u r t h e r  denote  t h e  l o c a t i o n s  j u s t  upstream and j u s t  downstream of  t h e  nose of t h e  
void  by z = Q- and z 
i n  flow c r o s s  s e c t i o n  a r e a  i n  going from z = R t o  z = R t h e r e  i s  a s h a r p  
change i n  p r e s s u r e ,  which w e  s h a l l  denote  simply a s  AI?. The p r e s s u r e  change 
We deno te  t h e  in s t an taneous  p o s i t i o n  of t h e  nose of  t h e  void  a s  z = R. We 
a', r e s p e c t i v e l y .  Assoc ia t ed  w i t h  t h e  v e r y  r a p i d  change 
+ - 
ex tend ing  from 
* 
z = 0 t o  z = R we denote  a s  E given  by equa t ion  (37) below: 
The next  e x p r e s s i o n  w e  w r i t e  is f o r  t h e  s u p e r h e a t ,  8, def ined  a s  t h e  d i f f e r e n c e  
between t h e  tempera ture  i n  t h e  l i q u i d  j u s t  ahead of t h e  nose of  t h e  moving v o i d ,  
i . e . ,  a t  z = R and t h e  s a t u r a t i o n  t empera tu re  co r re spond ing  t o  t h e  p r e s s u r e  j u s t  
downstream of t h e  head of t h e  bubble ,  i . e . ,  a t  z = A*- 
- 
This  Ca i s  t h e  d r i v i n g  
23 
f o r c e  f o r  v a p o r i z a t i o n  i n t o  t h e  head of t h e  moving void .  Using t h e  approximate 
re l a  t i o n  t h a t  
- 
np N dT - + (,,) T s a t  - ( T s a t )  e n t r a n c e  s a t  
a n  expres s ion  may be w r i t t e n  f o r  k3 a s  fo l lows:  
where q = t h e  h e a t  i npu t  p e r  u n i t  l eng th  of duc t  
A = c r o s s  s e c t i o n a l  a r e a  of t h e  duc t  
(C,) = s p e c i f i c  h e a t  of l i q u i d  
L 
= t empera ture  of l i q u i d  a t  en t r ance  t o  duct  minus s a t u r a t i o n  
tempera ture  a t  i n l e t  ( 8 may be nega t ive )  'in i n  
= change i n  s a t u r a t i o n  tempera ture  w i t h  p r e s s u r e  dT 
s a t  (-$ 
(dT/dp)sat may be eva lua ted  approximately from the  Clausius-Clapeyron equa t ion  a t  
t h e  i n l e t  cond i t ion .  
- T i n  
s a t  (hfg) P; J 
- 
i n  
where T = i n l e t  temperature  of l i q u i d  i n  
(hfg) 
= h e a t  of v a p o r i z a t i o n  of l i q u i d  eva lua ted  a t  i n l e t  p r e s s u r e  
s a t u r a t i o n  d e n s i t y  of vapor eva lua ted  a t  i n l e t  p r e s s u r e  
i n  
= 
p: 
J = mechanical e q u i v a l e n t  of hea t .  
The nex t  q u a n t i t y  f o r  which a n  expres s ion  i s  t o  be obta ined  i s  t h e  vapor  mass f low 
q u a l i t y  X"z)  r e f e r r e d  t o  a c o n t r o l  volume moving upstream wi th  t h e  void a t  v e l o c i t y  
24 
v .  T h i s  c o n t r o l  volume i s  shown i n  F i g .  10. Pure l i q u i d  f low e n t e r s  t h i s  con- 
t r o l  volume a t  a mass f low r a t e  g iven  by p (V '  + v)A. From t h e  end of t h e  con- 
t r o l  volume which a t  t h e  i n s t a n t  shown i s  loca ted  a t  some a r b i t r a r y  p o s i t i o n  
z > A ,  t h e r e  i s s u e s  a mass f low r a t e  of vapor g iven  by pv<V -t v) cyA where cy i s  
t h e  f r a c t i o n  of t h e  c r o s s  s e c t i o n  a r e a  of t h e  d u c t  t h a t  i s  occupied by t h e  vapor 
phase a t  t h e  p o s i t i o n  z .  X'(z), t h e  vapor  mass f low q u a l i t y  a t  z ,  i s  d e f i n e d  a s  
L L  
V 
mass f low vapor  through moving 
c o n t r o l  s u r f a c e  d i v i d e d  by 
t o t a l  mass f low through moving 
c o n t r o l  s u r f a c e  
(41)  - 
P p v  4- v) cy x' I - 
PL(V;, 4- v) 
Note t h a t  t h i s  d e f i n i t i o n  p e r t a i n s  t o  t h e  vapor f low r a t e  through a c o n t r o l  su r -  
f a c e  moving a t  v e l o c i t y  v r a t h e r  than  t h e  vapor f low r a t e  p a s t  a s t a t i o n a r y  p o i n t  
on t h e  w a l l  of t h e  d u c t ,  t h e  l a t t e r  be ing  t h e  more common method of d e f i n i n g  two 
phase f low q u a l i t y .  
f a c t  t h a t  X f  i s  de f ined  w i t h  r e f e r e n c e  t o  a moving c o n t r o l  s u r f a c e ,  
The prime s u p e r s c r i p t  w i l l  be  r e t a i n e d  on X f  t o  i n d i c a t e  t h e  
A t  t h e  head of  t h e  moving vapor void t h e r e  w i l l  be ,  i n  gene ra l ,  a ve ry  r a p i d  gen- 
e r a t i o n  of vapor due t o  sudden r e l e a s e  of supe rhea t  from t h e  l i q u i d  coming i n  
c o n t a c t  w i t h  t h e  vapor  i n t e r f a c e .  Assoc ia ted  w i t h  t h i s  sudden g e n e r a t i o n  of  vapor  
t h e r e  w i l l  be  a sudden i n c r e a s e  i n  vapor void f r a c t i o n  cy and an accompanying sha rp  
p r e s s u r e  change @,mentioned ear l ier- .  T h i s  p r e s s u r e  change i s  due t o  t h e  r a p i d  a c c e l -  
e r a t i o n  of t h e  l i q u i d  i n  f lowing  around t h e  head of t h e  vapor  vo id .  I n  t h e  p re s -  
e n t  a n a l y s i s ,  i t  i s  convenient  t o  t r e a t  t h e s e  r a p i d  changes a t  t h e  head of t h e  
void a s  d i s c o n t i n u i t i e s  much i n  t h e  same way a s  t h e  q u a n t i t i e s  p r e s s u r e ,  d e n s i t y ,  
t empera ture  and v e l o c i t y  a r e  cons idered  t o  change d i s c o n t i n u o u s l y  a c r o s s  a moving 
normal shock. 
denoted by P A t  z = A+, an  i n f i n i t e s i m a l l y  s h o r t  d i s t a n c e  down-stream p a s t  
t h e  nose of t h e  bubble ,  X '  and a a r e  cons ide red  t o  have changed d i s c o n t i n u o u s l y  
t o  va lues  denoted a s  X '  and cyR 
t h e  amount denoted by AP. 
That  i s ,  a t  z = R- i n  F i g .  9 ,  X s  and cy a r e  ze ro  and p r e s s u r e  i s  
z=a- 
whi le  p r e s s u r e  h a s  changed d i s c o n t i n u o u s l y  by R 
Retu rn ing  now t o  t h e  problem of o b t a i n i n g  an e x p r e s s i o n  f o r  X I ,  t h i s  can be  ac- 
complished approximate ly  by assuming t h a t  t h e  flow i n t o " a n d  o u t  05 rhh moving 
25 
c o n t r o l  volume i n  F ig .  10 can  be treated as  a s t e a d y  f low p rocess  and by n o t i n g  
t h a t  f o r  such a s t e a d y  f low p r o c e s s ,  conse rva t ion  of energy  y i e l d s  t h e  r e s u l t  
t h a t  
where t h e  s u b s c r i p t  z-Q- denotes  q u a n t i t i e s  e v a l u a t e d  j u s t  be fo re  t h e  head o f  t h e  
moving void.  
I n  w r i t i n g  Eq. ( 4 2 ) ,  k i n e t i c  and p o t e n t i a l  energy of t h e  flow a re  neglected*, I n  
assuming t h a t  t h e  f low through t h e  moving c o n t r o l  volume can be t reated approximate ly  
by s t e a d y  f low r e l a t i o n s ,  i t  i s  assumed t h a t  t h e  ra te  of  change of i n t e r n a l  energy 
i n s i d e  t h e  moving c o n t r o l  volume i s  n e g l i g i b l e  compared wi th  t h e  r a t e  of change of  
e n t h a l p y  of t h e  f low pass ing  through t h e  c o n t r o l  volume. 
Now, assuming t h a t  a t  z > 1 w e  have thermodynamic e q u i l i b r i u m  between t h e  l i q u i d  
and vapor  phases ,  t hen  hv i n  Eq. (42) can be w r i t t e n  a s  
f g 
h = h L f h  
V 
where h i s  t h e  l a t e n t  h e a t  of v a p o r i z a t i o n  eva lua ted  a t  z > Q, 
f g 
S u b s t i t u t i n g  Eq. ( 4 3 )  i n t o  Eq. (42) w e  o b t a i n  
For  t h e  l i q u i d  phase ,  d i f f e r e n c e s  i n  e n t h a l p y  can b e  expressed  approximate ly  by 
* 
A d e r f v a t i o n  of t h i s  r e l a t i o n s h i p  may be found on pages 240-241 of Ref ,  14. 
26 
With t h e  assumpt ion  of  thermodynamic e q u i l i b r i u m  a t  z > Q,, TZ,R w i l l  be  t h e  
s a t u r a t i o n  tempera ture  a t  z > Q, and T can then  be expressed  a s  - z=a- TZ>R 
where 8 i s  g iven  by Eq. 
from z = A*, j u s t  a f t e r  t h e  head of  t h e  moving v o i d ,  up t o  t h e  a r b i t r a r y  p o s i t i o n  
z > A. 
(39) and where a P ' ( z )  denotes  t h e  p r e s s u r e  change o c c u r r i n g  
An a n a l y t i c  e x p r e s s i o n  f o r  a P B ( z )  w i l l  be  de r ived  la te r .  
For  s t e a d y  f low through t h e  c o n t r o l  volume moving wi th  t h e  vo id ,  t h e  r a t e  of 
change of mass w i t h i n  t h e  c o n t r o l  volume i s  assumed t o  be  n e g l i g i b l e  and con- 
s e r v a t i o n  of mass g i v e s  
p,(vv + v) a! 4- 4,(VL + v ) ( l  - a!) %(Vi 4- v) (47) 
S u b s t i t u t i n g  Eqs. (45 ) ,  (46) and (47) i n t o  Eq. (44) y i e l d s  
Div id ing  through by t ( V p  + v) A h f g , a n d  employing t h e  d e f i n i t i o n  of  X' g i v e n  by 
Eq. (41) w e  o b t a i n ,  f i n a l l y  
L 
which a p p l i e s  f o r  z > A. 
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+ The f low q u a l i t y  X’ j u s t  a f t e r  t h e  head of t h e  void  ( i .e .  a t  z=R 1 i s  g iven  by 4’ 
- 
f g  
h 
XIA - (50)  
Next w e  t u r n  a t t e n t i o n  t o  t h e  problem of o b t a i n i n g  an expres s ion  f o r  t h e  v e l o c i t y  
v of t h e  moving s l u g .  To do so,  w e  must c o n s i d e r  i n  d e t a i l  t h e  p h y s i c s  of t h e  
f low i n  t h e  v i c i n i t y  of t h e  nose of t h e  bubble .  
t e r  l i q u i d  s t r e a m l i n e  which approaches t h e  nose of t h e  bubble ,  t h e  p r e s s u r e  would 
f i r s t  i n c r e a s e  a s  t h e  f l u i d  d e c e l e r a t e s  i n  approaching t h e  s t a g n a t i o n  p o i n t  a t  
t h e  c e n t e r  of t h e  nose of t h e  vo id .  The s t a g n a t i o n  p r e s s u r e  achieved would be 
Cons ider  F i g .  11. Along t h e  cen- 
where P i s  t h e  s t a t i c  system p r e s s u r e  i n  t h e  l i q u i d  j u s t  ahead of t h e  bubble .  
From t h e  s t a g n a t i o n  p o i n t ,  t h e  l i q u i d  would then  a c c e l e r a t e  very  r a p i d l y  i n  p a s s i n g  
around t h e  bubble  w i t h  an accompanying sha rp  d e c r e a s e  i n  p r e s s u r e ,  t h e  f i n a l  p re s -  
s u r e  ob ta ined  by t h e  l i q u i d  i n  a c c e l e r a t i n g  around t h e  bubble  be ing  g iven  by P + AP 
where,  a s  no ted  e a r l i e r ,  AP deno tes  t h e  sha rp  p r e s s u r e  change o c c u r r i n g  a c r o s s  t h e  
nose of t h e  moving v o i d .  (The p h y s i c a l  s i g n i f i c a n c e  of AP now becomes c l e a r e r  a l -  
though an  e x p r e s s i o n  f o r  AP y e t  remains t o  be d e r i v e d ) .  
I n s i d e  t h e  vapor  void ,  j u s t  a c r o s s  t h e  i n t e r f a c e  from t h e  s t a g n a t i o n  p o i n t ,  t h e r e  
i s  a vapor p r e s s u r e  P which, n e g l e c t i n g  s u r f a c e  t e n s i o n ,  must equa l  t h e  s t agna -  




P = P  = P + P L  
V 0 
28 
I f  t he ' apgrox ima t ion  i s  made tha& thermodynamic e q u i l i b r i u m  is mainta ined  a c r o e s  
t h e  .bubble  interfaclej , ,  t h e n  9 must e q u a l  t h e  vapor  p r e s s u r e  cor responding  t o  t h e  
tempera ture  T This  vapor  p r e s s u r e  would be g,iven 
V 
% a t  . the nose  of t h e  bubble .  z=R' 
by 
P = 1 0 + (E) AP] 
s a t  V 
sa t  
( 5  3)  
Equat ing  Eqs.  ( 5 2 )  and ( 5 3 )  and s o l v i n g  f o r  v w e  o b t a i n  
dT 96- 
where i s  ob ta ined  from Eq. ( 4 0 )  and 0 i s  ob ta ined  from Eq. (39) 
sa t  
One can  n o t e  t h a t  Eq. ( 5 4 )  prov ides  a c r i t e r i o n  f o r  t h e  c o n d i t i o n s  under which a 
vapor void w i l l  p ropaga te  upstream i n t o  superhea ted  l i q u i d .  For  such p ropaga t ion  
v must be p o s i t i v e ,  which i s  t r u e  on ly  i f  
I f  t h i s  c o n d i t i o n  i s  n o t  s a t i s f i e d ,  t h e  vapor  void w i l l  be washed downstream by 
t h e  e n t e r i n g  l i q u i d  f low.  To e v a l u a t e  Eq. ( 5 5 ) ,  however, r e q u i r e s  an  expres s ion  
f o r  AP. This  expres s ion  w i l l  be  ob ta ined  l a t e r ,  and t h e  c r i t e r i o n  f o r  void prop- 
a g a t i o n  upstream w i l l  subsequent ly  be re formula ted  by s u b s t i t u t i o n  of t h e  expres-  
s i o n  f o r  AP. 
* Note t h a t  when Eqs.  (a i ' ) ,  (~39) and (4.0) a r e  s u b s t i t u t e d  i n t o  Eq. ( 5 4 ) ,  t h e  
p r e s s u r e  change AP i s  e l i m i n a t e d .  
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A momentum ba lance  a c r o s s  t h e  head of t h e  void r e q u i r e s  t h a t  
- AP = pz,a+ p z = j -  
A l so , cons ide ra t ion  of B e r n o u l l i ' s  r e l a t i o n s h i p  i n  t h e  l i q u i d  f i l m  y i e l d s  
(57)  
A complementary r e l a t i o n  of Eq. (41) i s  
VL+V 
1 - x' = ( 1 - 4  (58) 
p'$ 
El imina t ing  AP, V and V amongst E q s .  (4'L),  (561,  ( 5 7 ) ,  and (581, one o b t a i n s  L' V 
O r  
R xi = a 
30 
S u b s t i t u t i n g  Eq. (58) i n t o  Eq. (57) : 
Levy [Ref. 331, has  ob ta ined  ana'Logous r e s u l t s  €o r  B ' s t eadp ' . s f ' a t e  two-phase flow. 
Eqs.  (60) and (54)  a r e  two independent  e q u a t i o n s  i n  t h e  unknowns AP and v .  Sub- 
s t i t u t i n g  f o r  AP i n  Eq. (54) by means of Eq. (69) w e  o b t a i n ,  a f t e r  r e a r r a n g i n g  
The c r i t e r i o n  f o r  p ropaga t ion  of a void upstream i n  a f lowing  channel  becomes, 
t hen  
We can n o t e  a t  t h i s  p o i n t  t h a t  8 necessa ry  coh 'df t ion fok a n  f innular  vo id  to be  
s t e a d i l y  m a i n t a h e d  e n  a hea ted  d u c t  w i thou t  b e n e f i t  of  n u c l e a t i o n  i s  t h a t  t h e  
i n e q u a l i t y  Eq..(62) above be  a n  e q u a l i t y ,  
a n a l y s i s  r educes  t o  t h e  s t e a d y  s t a t e  so lu( t ion  f o r  t h e  .flow azeound such a n  a n n u l a r  
vo id .  
Under t h i s  c o n d i t i o n ,  t h e  p r e s e n t  
Next w e  c o n s i d e r  t h e  e v a l u a t i o n  of AP'(z) ,  t h e  p r e s s u r e  change along'  t h e  vo id  from 
z=R back t o  z>R. To e v a l u a t e  AP'(z) we con t inue  t o  employ t h e  concept  t h a t  t h e  + 
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f low through a c o n t r o l  volume moving wi th  t h e  head of t h e  void i s  quas i - s t eady .  
Th i s  i s ,  w e  assume t h a t  t h e  t ime r a t e  of  change of q u a n t i t i e s  w i t h i n  t h i s  moving 
c o n t r o l  volume can be neg lec t ed  compared w i t h  t h e  n e t  r a t e  of change of q u a n t i -  
t i e s  pass ing  through t h e  c o n t r o l  volume. 
z=A t o  z >A a s  shown i n  F i g .  11, we can no te  t h a t  t h e  p r e s s u r e  change over  t h e  
l e n g t h  of t h i s  c o n t r o l  volume w i l l  be due t o  t h e  w a l l  shea r  s t r e s s  r e s u l t i n g  
from t h e  f lowing  l i q u i d  p l u s  the  change i n  momentum of t h e  f low pass ing  through 
t h e  moving c o n t r o l  volume. The p r e s s u r e  change.due t o  wall shea r  s t r e s s  can be 
eva lua ted  approximate ly  by 
Taking a c o n t r o l  volume extending  from 
+ 
where t h e  f r i c t i o n  f a c t o r  f would be eva lua ted  a s  t h e  usua l  d u c t  f r i c t i o n  f a c t o r  
based on t h e  Reynolds number de f ined  by pL VL D / v .  The v e l o c i t y  V i s  g iven  by L 
The p r e s s u r e  change.from z=A+ t o  z>R due t o  t h e  change i n  momentum through t h e  con- 
t r o l  volume, eva lua ted  w i t h  r e s p e c t  t o  a frame of r e f e r e n c e  moving a t  v e l o c i t y  v ,  
i s  given by 
Combining expres s ions  ( B 3 ) ,  (64) and (65) we o b t a i n  
32 
L 
PL s +  pcD -AP'(z) = 
z= a 
I n  t h e  above e q u a t i o n s , @ ' ,  a )  are needed f o r  a l l  R < z < L, 
flow f i e l d ,  which i s  n e a r l y  t i m e  independent ,  Equa t ion  (62) may be used d i r e c t l y  
f o r  a l l  z .  T h i s  would be a s imple e x t e n s i o n  of Levy ' s  "momentum exchange model" 
[Ref.  331.  F o r  t h e  more g e n e r a l  problem, t h e  "mo.mentum exchange model" can be 
f u r t h e r  extended by r e v e r t i n g  t o  t h e  spaced-f ixed f low weighted q u a l i t y  de f ined  
a s  
With a q u a s i - s t e a d y  
OcPvVv 
aPvVv + 'l-a>PLvL x =  
t h e n  Eq. (59) should be r ep laced  by 
a) a t  z=& i n  Eq. (67) 
v '  vL' The c o n s t a n t  i n  Eq. ( 6 8 )  can  be e v a l u a t e d  by u s i n g  (V 
t o  f i n d  t h e  co r re spond ing  va lue  o f  X .  
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I n  t h i s  s e c t i o n  t h e r e  w i l l  be developed expres s ions  f o r  c a l c u l a t i n g  t h e  n e t  r a t e  
of vapor mass format ion  p e r  u n i t  volume, Tv, under c o n d i t i o n s  of thermodynamic 
non-equi l ibr ium.  E s s e n t i a l l y ,  I? can be de f ined  by t h e  c o n t i n u i t y  equa t ions  f o r  
t h e  vapor phase 
V 
I n  Ref .  21, a somewhat s i m i l a r  expres s ion  was de f ined  a s  
where 
The c o n t i n u i t y  c o n d i t i o n  f o r  t h e  mixture  i s  
- a c a p v  + (1-a)pLI + a c a p  v + (l-a)PLvLl = 0 a t  v v  
Combining Eqs.  ( 6 9 ) ,  ( 7 0 ) ,  and (72 ) ,  one f i n d s  
34 
By c o n s i d e r i n g  h e a t  b a l a n c e ,  can  be c a l c u l a t e d  a s  (Ref. 1) 
V 
With thermodynamic e q u i l i b r i u m ,  h and h a r e  known f u n c t i o n s  of p r e s s u r e ;  t h e r e -  
f o r e ,  Eq. (74)  can be reduced t o  
L V 
a dh  
(75) 
where (dhL/dp)satand (dhv/dp),, a r e  r e s p e c t i v e l y  en tha lpy -p res su re  d e r i v a t i v e s  of 
s a t u r a t e d  l i q u i d  and vapor .  
I f ,  however, thermodynamic e q u i l i b r i u m  does  n o t  p r e v a i l ,  t hen  h and h canno t  be 
determined a s  known f u n c t i o n s  of p r e s s u r e  b u t  r a t h e r  t hey ,  a long  w i t h  r must be 
determined by d e t a i l e d  a n a l y s i s  of t h e  h e a t  and mass t r a n s f e r  mechanisms i n  t h e  
f low.  
flow regime t h a t  i s  o c c u r r i n g ,  d i f f e r e n t  e x p r e s s i o n  f o r  r w i l l  be  ob ta ined  f o r  
d i f f e r e n t  f low regimes.  
ame te r s ,  can be cons ide red  a s  t h e  a p p r o p r i a t e  
t o  a p a r t i c u l a r  f low regime of a non-equ i l ib r ium evapora t ion  p r o c e s s .  
L V 
V Y  
S ince  such mechanisms depend s i g n i f i c a n t l y  on t h e  n a t u r e  of t h e  two phase 
V 
Each e x p r e s s i o n  f o r  r i n  terms o f  t h e  a p p r o p r i a t e  pa r -  
V Y  
I n  d e r i v i n g  e x p r e s s i o n s  f o r  r t h r e e  f low regimes w i l l  be cons ide red .  These 
a r e :  (a) bubble  flow regime, (b) a n n u l a r  flow regime and (c) d i s p e r s e d  flow 
V’ 
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regime. T r a n s i t i o n  f low regimes o c c u r r i n g  between bubble  flow and annu la r  
f low such a s  f r o t h  f low,  c o a l e c s c i n g  f low,  [Ref. 163 e t c .  w i l l  n o t  be con- 
s i d e r e d  h e r e  because i t  i s  presumed t h a t  i n  such f lows ,  t h e r e  would be s u f -  
f i c i e n t  i n t e r f a c i a l  s u r f a c e  a r e a  between l i q u i d  and vapor  phase f o r  thermo- 
dynamic e q u i l i b r i u m  t o  be main ta ined ,  E s s e n t i a l l y ,  vapor  g e n e r a t i o n  r a t e  
i n  such t r a n s i t i o n  r e g i o n s  would n o t  be s e p a r a t e l y  cons idered  b u t  would be 
handled a n a l y t i c a l l y  by assuming t h a t  t h e  expres s ion  f o r  I' 
bubble f low regime could  be extended t o  j o i n  w i t h  t h e  expres s ion  f o r  r 
developed f o r  t h e  a n n u l a r  f low regime. 
developed f o r  
V 
V 
BUBBLE' FLOW REGIME 
I n  f lows  i n  which a h igh  degree  of s u p e r h e a t i n g  can  occur  be fo re  i n c e p t i o n  
of n u c l e a t i o n  o c c u r s ,  i t  i s  p o s s i b l e ,  even l i k e l y ,  t h a t  a bubble  f low regime 
may n o t  occur  b u t  i n s t e a d ,  a s i n g l e  n u c l e a t e  bubble  may grow a lmost  i n s t a n -  
t aneous ly  t o  f i l l  t h e  d u c t  c r o s s  s e c t i o n  a r e a  b e f o r e  i t  i s  swept any apprec i -  
a b l e  d i s t a n c e  down s t r eam.  I f  t h i s  o c c u r s ,  t hen  t h e  f low i n  t h e  hea ted  tube  
w i l l  p a s s  e i t h e r  d i r e c t l y  from superhea ted  a l l - l i q u i d  flow t o  a n n u l a r  f low 
o r  w i l l  deve lop  a t r a n s i e n t  void propagat ion  s i t u a t i o n  such a s  was analyzed 
i n  t h e  p r e v i o u s  s e c t i o n  
One can develop  a rough c r i t e r i o n  f o r  whether  a bubble  f low regime w i l l  deve lop  
o r  n o t  by c o n s i d e r i n g  t h e  r e l a t i v e  magnitude of bubble  growth r a t e  t o  f low r a t e .  
One can r e a d i l y  see t h a t  i f  R t h e  r a t e  a t  which t h e  r a d i u s  of a vapor bubble  
grows i n  superhea ted  l i q u i d ,  exceeds t h e  a l l  l i q u i d  f low v e l o c i t y  i n  t h e  hea ted  
d u c t ,  t hen  a bubble ,  once nuc lea t ed ,  w i l l  tend t o  grow t o  a s i z e  which f i l l s  t h e  
d u c t  b e f o r e  i t  h a s  been swept away from i t s  n u c l e a t i o n  s i t e .  For example, i f  w e  
c o n s i d e r  l i q u i d  potass ium f lowing  i n  a d u c t  a t  an  i n l e t  v e l o c i t y  o f ,  say ,  20 
inches  p e r  second,  t hen  w e  can s a y  t h a t  i f  bubble  growth r a t e  i s  g r e a t e r  than  
v 9  
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t h i s  va lue ,  bubble f low w i l l  n o t  o c c u r .  Turning t o  F i g .  6 ,  which g i v e s  c u r v e s  o f  
maximum bubble  growth v s .  s u p e r h e a t  f o r  l i q u i d  potassium, w e  see t h a t  f o r  mass 
t r a n s f e r  c o e f f i c i e n t  C = 1.0,  bubble  growth r a t e  w i l l  exceed 20 i n c h e s  p e r  second 
(50.8 cm/sec) f o r  v a l u e s  o f  supe rhea t  g r e a t e r  t h a n  o n l y  3.5'F. S ince  t h i s  d e g r e e  
o f  s u p e r h e a t  i s  ve ry  l i k e l y  t o  be o b t a i n e d ,  w e  can see t h a t  t h e  bubble  f low re- 
gime i s  q u i t e  u n l i k e l y  t o  occur  i n  l i q u i d  metal  f lows.  
Although i t  seems u n l i k e l y  t h a t  t h e  bubble flow regime w i l l  be ob ta ined  i n  b o i l i n g  
l i q u i d  me ta l  f l ows ,  i t  does  remain l i k e l y  t h a t  such a flow regime w i l l  be ob ta ined  
i n  b o i l i n g  water  flow and, of c o u r s e ,  it i s  always p o s s i b l e  t h a t  i t  w i l l  occu r  i n  
l i q u i d  me ta l  f low under some c o n d i t i o n s  The re fo re  i t  remains worthwhile  t o  con- 
s i d e r  t h e  e x p r e s s i o n  f o r  I' t h a t  would a p p l y  i n  t h i s  f low regime. Assuming p t o  





where n(R z , t )  dR d z  i s  t h e  number of vapor bubb les  l y i n g  i n  t h e  s i z e  i n t e r v a l  
R t o  R + dR and i n  t h e  l e n g t h  i n t e r v a l  z t o  z + d z .  
can  be determined from Eq. (33) a s  a f u n c t i o n  of R and b u l k  temperature  There- 
f o r e  t h e  problem of de t e rmin ing  r i n  t h e  bubble flow regime r e s o l v e s  i t s e l f  i n t o  
a problem o f  de t e rmin ing  t h e  bubble d e n s i t y  n(R 
below b r i e f l y  f o r  t h e  g e n e r a l  c a s e  where n u c l e a t i o n  o f  bubbles  occur s  ove r  a f i n i t e  
hea ted  l e n g t h  due t o  a r b i t r a r y  sou rce  s t r e n g t h  S ( z , t )  and a l s o  i n  d e t a i l  f o r  t h e  
V' V 
t h e  bubble  growth r a t e ,  
V RV , ** V V 
V 
V 
zSt). This  problem i s  cons ide red  v 3  
s i m p l e r  b u t  q u i t e  p r a c t i c a l  c a s e  where vapor  
c l e a t i o n  s o u r c e .  The l a t t e r  s i t u a t i o n  would 





bubbles  o r i g i n a t e  from a s i n g l e  nu- 
be  approximately ob ta ined  when, f o r  
c o n t r o l  o r  s t a b i l i z e  n u c l e a t i o n  [Ref 
For example, i f  t h e  v a p o r i z a t i o n  c o e f f i c i e n t  of mass t r a n s f e r ,  C, i s  on t h e  o r d e r  
of .01 
Eq. (33) i s  r e a l l y  v a l i d  on ly  f o r  i n f i n i t e  b u l k  temperature  f i e l d s  which a r e  con- 
s t a n t  i n  space and t i m e .  However, i t  may be used t o  p rov ide  approximate v a l u e s  
f o r  R f o r  c a s e s  where b u l k  t empera tu re  v a r i e s  w i t h  space and t i m e .  
V 
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Somewhat i n  analogy w i t h  t h e  problem of d i f f u s i o n  of n e u t r o n s  i n  n u c l e a r  r e a c t o r s  
[Ref .  181 t h e  one dimensional  bubble  d e n s i t y  f u n c t i o n  n(R z , t )  can  be observed t o  
obey a d i f f u s i o n  e q u a t i o n  of t h e  form 
V'  
(nv 1 + a (nRv) = 0 a f -  a n  a t  a Z  I_ V 
V 
(77) 
where V ( z , t )  i s  t h e  v e l o c i t y  of t h e  vapor  bubbles  i n  t h e  z d i r e c t i o n .  Eq. (77) 
i s  s u b j e c t  t o  t h e  "boundary" c o n d i t i o n  t h a t  
V 
where R i s  t h e  n u c l e a t i o n  r a d i u s  of vapor bubb les ,  and S ( z , t )  i s  t h e  n u c l e a t i o n  
source  s t r e n g t h  i n  bubbles  p e r  second p e r  u n i t  l e n g t h .  Conceptual ly  one can con- 
c e i v e  o f  s o l v i n g  t h i s  e q u a t i o n  by numerical  i n t e g r a t i o n .  Fo r  example, given an 
i n i t i a l  sou rce  d i s t r i b u t i o n  S ( z , O ) ,  a n ' i n i t i a l  bubble  d e n s i t y  n(R z , O )  an  i n i t i a l  
v e l o c i t y  d i s t r i b u t i o n  Vv(z,O), and an i n i t i a l  t empera tu re  d i s t r i b u t i o n  T(z,O), one 
could de t e rmine  R (R z , O )  from Eq. (37)  and then  determine an/& (R ,z,O) from 
E q , ( 7 7 ) .  
from 
0 
V 9  
v v '  V 
n(Rv,z , t )  a t  t h e  nex t  t i m e  s t e p  t = A t  could then be d i r e c t l y  determined 
V ( z , t ) ,  S ( z , t )  and T ( z , t )  would have t o  be  s e p a r a t e l y  determined from an appro- 
p r i a t e  e q u a t i o n  of motion, an  energy e q u a t i o n  and a c o n s t i t u t i v e  r e l a t i o n  f o r  t h e  
n u c l e a t i o n  source  s t r e n g t h  S .  These l a t t e r  r e l a t i o n s h i p s  themselves  would be 
q u i t e  complex, b u t  presuming t h a t  t h e s e  r e l a t i o n s h i p s  could be determined,  Eq. (77) 
would s e r v e  as  t h e  governing e q u a t i o n  f o r  de t e rmin ing  t h e  bubble  d i s t r i b u t i o n  
n(Rv,Z,t) which, i n  t u r n ,  could be used t o  c a l c u l a t e  I? 
V 
from Eq. (76)  
V 
To i l l u s t r a t e  how t h e  above e q u a t i o n s  may be used, l e t  u s  c o n s i d e r  t h e  s p e c i a l  
c a s e  where vapor  bubbles  a r e  nuc lea t ed  a t  a s i n g l e  d i s c r e t e  s o u r c e ,  The a n a l y t -  
i c a l  fo rmula t ion  of t h i s  problem i s  g iven  below. 
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Consider  a supe rhea ted  l i q u i d  f lowing  i n  a d u c t  i n  which i n c e p t i o n  of n u c l e a t i o n  
o c c u r s  a t  t h e  p o i n t  z = z '  where bubbles  of i n i t i a l  r a d i u s  R a re  gene ra t ed  a t  a 
s i n g l e  d i s c r e t e  c a v i t y  a t  a r a t e  of So bubbles  p e r  second. A s  t h e s e  bubbles  a r e  
swept downstream, t h e y  grow due t o  s u p e r h e a t  o f  t h e  l i q u i d  su r round ing  them. A s  
a consequence of t h e  growth of t h e s e  bubb les ,  t h e  mean f low v e l o c i t y  V ( z , t >  i n -  
c r e a s e s  w i t h  d i s t a n c e  z and t h e  l i q u i d  t empera tu re  T ( z , t )  would tend t o  d e c r e a s e  
back toward an  e q u i l i b r i u m  v a l u e .  
0 
m 
I n  ana lyz ing  t h i s  f low s i t u a t i o n ,  w e  can c o n s i d e r  a t o t a l  bubble d e n s i t y  N(z , t )  
bubbles  p e r  i n c h  w i t h o u t  r ega rd  t o  bubble s i z e  s i n c e ,  a t  any p o i n t  z ,  a l l  t h e  
bubbles  would be of t h e  same s i z e  having come from t h e  same source  and e x p e r i -  
enced t h e  same t i m e  h i s t o r y ,  N(z , t )  can be s e e n  t o  be r e l a t e d  t o  A(z, t )  t h e  
s p a c i n g  between consecu t ive  bubbles ,  i n  t h e  f o l l o w i n g  way 
e . g .  i f  a t  any p o i n t  z ,  consecu t ive  bubbles  were 1/10 i n c h  a p a r t ,  t h e n  t h e  bubble 
d e n s i t y  N would be 10 bubbles  p e r  i nch .  
We can now proceed t o  fo rmula t e  t h i s  non-equ i l ib r ium two-phase flow problem f o l -  
lowing approximately t h e  approach o u t l i n e d  by Zuber and Dougherty i n  Ref .  1. 
F i r s t  w e  w r i t e  t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  vapor ( i . e .  Eq. (69)) assuming 
t h e  vapor d e n s i t y  t o  be c o n s t a n t  
%s 
. . . . . . . . . . . . . . . . . . . . .  
Jc 
For s i m p l i c i t y ,  w e  s h a l l  c o n s i d e r  an  incompress ib l e  a n a l y s i s  h e r e ,  
i c a t i o n  f o r  t h i s  i s  t h a t  t h e  r a t e  of change of vapor mass c o n t e n t  i n  b o i l i n g  
f lows a s s o c i a t e d  w i t h  changes i n  vapor d e n s i t y  a r e  u s u a l l y  n e g l i g i b l e  compared 
w i t h  t h e  r a t e s  of c r e a t i o n  of vapor mass due t o  b o i l i n g .  
Our j u s t i f -  
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The c o n t i n u i t y  e q u a t i o n  f o r  t h e  mix tu re  
3 a t C.p. + (1-CY) pL-J 4- $ z [CYp v v  v + ( 1 4  PL VL] = 0 
The momentum e q u a t i o n  f o r  t h e  mixture  
+ 5 ppv + (1-a) pL 1 i- - :: = 0 
gC - 
The energy e q u a t i o n  f o r  t h e  mix tu ie  
l a p  + r .h = - v fg A J a t  
Eqs.  (81) through (84)  may be viewed a s  f o u r  f i e l d  e q u a t i o n s  r e l a t i n g  t h e  7 un- 
known v a r i a b l e s  Pv> vv> VL3 CY, P ,  a r h z  and r where aT/az  r e p r e s e n t s  t h e  f r i c -  
t i o n a l  p r e s s u r e  d rop  f o r  t h e  two-phase f low i n  t h e  d u c t .  I n  o r d e r  t o  s o l v e  f o r  
t h e s e  v a r i a b l e s ,  w e  need t o  develop f u r t h e r  r e l a t i o n s h i p s  f o r  t h e  v a r i a b l e s  a$ 
Jr 
aT/az and a l s o  develop a r e l a t i o n s h i p  between V and V These r e l a t i o n -  
r V ¶  V L '  
s h i p s  w e  can r e f e r  t o  as  c o n s t i t u t i v e  r e l a t i o n s h i p s .  I n  p a r t i c u l a r ,  w e  a r e  
i n t e r e s t e d  i n  deve lop ing  t h e  c o n s t i t u t i v e  r e l a t i o n s h i p  f o r  I' f o r  t h e  f low 
V . . . . . . . . . . . . . . . . . . . . .  
Jr 
Note t h a t ,  f o r  s i m p l i c i t y ,  t h e  h e a t  f l u x  q i s  b e i n g  cons ide red  a s  a known v a r i -  
a b l e .  I n  g e n e r a l ,  i t  would n o t  be known b u t  would be determined by h e a t  t r a n s -  
f e r  c o n s i d e r a t i o n s  r e q u i r i n g  a f u r t h e r  c o n s t i t u t i v e  equa t ion .  
40 
s i t u a t i o n  w e  are  c o n s i d e r i n g .  
F i r s t ,  f o l l o w i n g  Reference 1 w e  can  e x p r e s s  &/az i n  terms of t h e  Lockhart-  
M a r t i n e l l i  c o r r e l a t i o n  
where 
0.9 
PJJL ( 1 - 4 
Xt = [ pvvvCY ] ( : ] O o 5  (:)Ool 
w i t h  p and p be ing  v i s c o s i t i e s  of t h e  l i q u i d  and vapor  phases  r e s p e c t i v e l y .  L V 
t he  mean v e l o c i t y  of t h e  mix tu re ,  i s  de f ined  a s  t o t a l  volume f low d iv ided  by vm’ 
d u c t  c r o s s - s e c t i o n a l  area.  V i s  g iven  by m 
v = av + (1-a) VL ( 8 7 )  m V 
w e  can d e f i n e  a vapor d r i f t  v e l o c i t y  s a s  t h e  d i f f e r e n c e  between V and V i . e . ,  
V m 
s = v V - v m  ( 8 8 )  
The vapor s l i p  s would have t o  be e x p e r i m e n t a l l y  determiaed f o r  bubble  f low,  
S ince  w e  a re  n o t  p r i m a r i l y  i n t e r e s t e d  h e r e  i n  de t e rmin ing  s ,  l e t  us presume t h a t  
w e  have an  a p p r o p r i a t e  c o n s t i t u t i v e  equa t ion  from which we can e v a l u a t e  s ,  which 
w e  s h a l l  w r i t e  symbol i ca l ly  a s  
s = s (vV, vL, CY, wv e t c . )  ( 8 9 )  




Q, = - -  
A 3  ( 9 0 )  
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which i n t r o d u c e s  i n t o  o u r  system o f  e q u a t i o n s  t h e  two new v a r i a b l e s  N(z , t )  and 
R v ( z , t ) .  
J; 
The c o n s t i t u t i v e  e q u a t i o n  f o r  l? i s ,  f o r  ou r  d i s c r e t e  sou rce  flow 
V 
4nN 2. r = -  
V A 'v Rv V (91) 
which i s  merely a s p e c i a l i z a t i o n  of Eq. (76)  f o r  t h e  c a s e  where bubbles  of o n l y  
one s ize  e x i s t  a t  any g iven  l o c a t i o n  z .  Eq. (91) i n t r o d u c e s  t h e  new v a r i a b l e  
RV(TL, P ,  R ) and, i m p l i c i t l y ,  t h e  new v a r i a b l e  T 
t u r e .  R would be o b t a i n e d  from E q . ( 3 3 )  i . e .  from t h e  a n a l y s i s  performed of 
bubble growth r a t e  i n  superheated l i q u i d .  T would be ob ta ined  from t h e  energy 
e q u a t i o n  a s  shown below. 




The energy e q u a t i o n  (84)  may be r e w r i t t e n  e x p l i c i t l y  i n  terms of t h e  l i q u i d  t e m -  
p e r a t u r e  T and l o c a l  p r e s s u r e  P i f  w e  assume t h a t  t h e  vapor phase behaves l i k e  
a p e r f e c t  g a s  and t h a t  t h e  l i q u i d  and vapor phase a r e  of t h e  same temperature  
(no t  n e c e s s a r i l y  e q u i l i b r i u m  t empera tu re ) .  For  a p e r f e c t  gas ,  t h e  e n t h a l p y  h 





J a t  + rv hfg = + - 
dh  /dTL 
V 
r e p r e s e n t s  a known thermodynamic f unc t i o n  
We can  develop f u r t h e r  r e l a t i o n s h i p s  f o r  o u r  new v a r i a b l e s  N ( z , t ) ,  R (z,t) and 
R Fol lowing a bubble ,  t h e  t o t a l  time r a t e  of change of bubble spac ing  a ( z , t )  
i s  
V 
V 
. . . . . . . . . . . . . . . . . . . . . . . . .  
7b 




fo l lowing  a bubble  a t  - -   
We can a l s o  n o t e  t h a t  t h e  i n c r e a s e  
aQ -
+ az (93) 
i n  t h e  spac ing  R between consecuti,ve bubbles  
comes abou t  because  of t h e  f a c t  t h a t  bubble  v e l o c i t y  i n c r e a s e s !  w i th  z .  
can wri te  
Hence, we 
= 1- "V 
az d t  fo l lowing  a bubble  
Equat ing  (93) and (94) w e  o b t a i n  
av 
a" a t  az 
aQ - 3Q + v v z  =: 
S u b s t i t u t i n g  R = 1 / N  i n t o  Eq. (95) from Eq. 80 and d i f f e r e n t i a t i n g  w e  o b t a i n  
o r  
V 




Note t h a t  t h i s  r e s u l t  could have been w r i t t e n  d i r e c t l y  from t h e  g e n e r a l  equa t ion  
f o r  bubble  d i f f u s i o n  (Eq. (77)) by i n t e g r a t i n g  t h e  e q u a t i o n  wi th  r e s p e c t  t o  R 
and app ly ing  t h e  r e l a t i o n s  
V 
n dRv = N 
0 
OD 
n i v l  = 0 
0 




V N = -  a t  z = z '  
(99) 
(100) 
where,  as  noted  ear l ie r ,  S 
s i n g l e  d i s c r e t e  sou rce  l o c a t e d  a t  z = z ' ,  
i s  t h e  number of  bubbles  nuc lea t ed  p e r  second a t  t h e  
0 
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A f u r t h e r  r e l a t i o n s h i p  which w e  can wri te  down i s  t h a t  t h e  t o t a l  time rate  of  
change of  bubble  r a d i u s  R fo l lowing  a bubble  i s  
V 
V 
3R -V ' R  = -3R V a R  a t  ~ V a t  , + vv az I fo l lowing  
a bubble  
T h i s  p rov ides  a d i f f e r e n t i a l  r e l a t i o n s h i p  f o r  t h e  space  and t i m e  v a r i a t i o n  of 
R ( z , t )  i n  terms of  bubble  growth r a t e  R . Eq. (97) can  be ob ta ined  by s u b s t i -  
t u t i n g  Eqs.  (97) and (9.1) i n t o  t h e  incompress ib l e  con t inu i$y  equa t ion  f o r  t h e  
vapor phase (Eq. (81)) and hence does n o t  r e p r e s e n t  a new independent  equa t ion .  
V V 
We now have e s t a b l i s h e d  a s u f f i c i e n t  number of  independent  equa t ions  t o  d e t e r -  
mine t h e  d i s c r e t e  sou rce  f low problem under  non-equi l ibr ium f low c o n d i t i o n s .  
We have a t o t a l  of 11 unknown v a r i a b l e s ,  Vv3 VL, P, T, a, N, Rv,  Rv4 rv, aT/az,  
and s .  These a r e  r e l a t e d  by f o u r  e q u a t i o n s  which could  be r e f e r r e d  t o  a s  f i e l d  
equa t ions  (Eqs.  (81), (82) ,  (83) and (92);  t h r e e  e q u a t i o n s  which expres s  e i t h e r  
geometr ic  o r  k inemat ic  r e l a t i o n s h i p s  between t h e  v a r i a b l e s  (Eqs (88) (90) and 
(97) ;  and f o u r  e q u a t i o n s  which can be r e f e r r e d  t o  a s  c o n s t i t u t i v e  e q u a t i o n s  
(Eqs. (85), (891, (91) and (33)). Of t h e s e ,  t h e  s i g n i f i c a n t  e q u a t i o n s  from t h e  
s t a n d p o i n t  of non-equi l ibr ium f lows a r e  Eqs.  (89) and (33) ,  which p rov ide  t h e  
c o n s t i t u t i v e  r e l a t i o n s h i p s  necessa ry  t o  c a l c u l a t e  r t h e  mass r a t e  of vapor 
g e n e r a t i o n .  
V I  
ANNULAR FLOW REGIME ' ' 
I n  t h e  a n n u l a r  f low regime, vapor f lows  i n  a l a r g e  cont inuous  vapor c o r e  i n  t h e  
c e n t e r  of  a d u c t  wh i l e  t h e  l i q u i d  f lows predominant ly  i n  a n  annu la r  f i l m  a long  
t h e  w a l l  of t h e  d u c t .  The a n n u l a r  f low regime i n  " c l a s s i c a l "  b o i l i n g  f lows of 
o r d i n a r y  f l u i d s  deve lops  by c o a l e s c i n g  of  bubbles  formed i n  t h e  bubble  f low re- 
gime. However, i n  l i q u i d  me ta l  f lows ,  w e  have seen  t h a t  bubble  growth r a t e  may 
be  s u f f i c i e n t l y  h igh  s o  t h a t  an  a n n u l a r  f low regime may develop immediately 
from i n c e p t i o n  of  a s i n g l e  bubble .  
The p r e s e n t  c o n s i d e r a t i o n  of t h e  a n n u l a r  f low regime w i l l  i n c l u d e  bo th  t h e  s t e a d y  
s t a t e  s i t u a t i o n  where t h e  "head" of  t h e  a n n u l a r  f low regime remains a t  a f i x e d  
l o c a t i o n  and a l s o  t h e  dynamic s i t u a t i o n ,  analyzed e a r l i e r ,  where a c e n t r a l  void 
44 
may p ropaga te  a l o n g  a d u c t  due t o  s u p e r h e a t i n g  of t h e  l i q u i d  upstream of t h e  
a n n u l a r  void 
I n  an a n n u l a r  f low regime, downstream of t h e  "head" o f  t h e  regime, t h e  i n t e r -  
f a c i a l  s u r f a c e  a r e a  between l i q u i d  and vapor  phases  should be s u f f i c i e n t  t o  
ma in ta in  thermodynamic e q u i l i b r i u m  between t h e s e  phases .  Experimental  measure- 
ments o f  w a l l  temperature  ob ta ined  w i t h  l i q u i d  me ta l  b o i l i n g  f lows [Ref s 13 and 
191, which a re  t h e  most prone t o  s u p e r h e a t i n g ,  i n d i c a t e s  t h a t  thermodynamic 
e q u i l i b r i u m  i s  f a i r l y  c l o s e l y  ob ta ined  i n  t h e  a n n u l a r  f low regime. Some s l i g h t  
s u p e r h e a t i n g  of t h e  l i q u i d  l a y e r  a long  t h e  d u c t  w a l l  would be expected t o  occur  
due t o  t h e  n e c e s s i t y  of ma in ta in ing  a temperature  g r a d i e n t  i n  t h i s  l a y e r  t o  con- 
d u c t  h e a t  t o  t h e  v a p o r i z i n g  i n t e r f a c e ,  b u t  t h i s  should be n e g l i g i b l e .  G r e a t e r  
s u p e r h e a t i n g  of t h e  l i q u i d  l a y e r  could c o n c e p t u a l l y  occur  i f  t h e  v a p o r i z a t i o n  
c o e f f i c i e n t  C a t  t h e  vapor - l iqu id  i n t e r f a c e  were s u f f i c i e n t l y  low. (See Eq. 
(5)) .  However, t h e r e  i s  no evidence t o  sugges t  t h a t  t h i s  o c c u r s .  
Fo r  t h e  r e a s o n s  c i t e d  above, i t  w i l l  be assumed t h a t  f o r  a n n u l a r  flow thermo- 
dynamic e q u i l i b r i u m  does p r e v a i l  downstream o f  t h e  head of t h e  a n n u l a r  void so 
t h a t ,  i n  t h i s  r eg ion ,  I' can be c a l c u l a t e d  from t h e  energy e q u a t i o n  (Eq. 75))  
i . e . ,  a s e p a r a t e  c o n s t i t u t i v e  e q u a t i o n  f o r  r i s  n o t  r e q u i r e d .  Th i s  i s  n o t  so 
however, i n  t h e  r e g i o n  a t  t h e  head of t h e  a n n u l a r  void i . e .  a t  z = 1. Here, 
a t  t h e  s t a r t  of t h e  a n n u l a r  flow regime, t h e r e  w i l l  be a very r a p i d  re lease of 
s u p e r h e a t  from t h e  l i q u i d  f lowing around t h e  head of t h e  vo id .  Th i s  w i l l  be  




Because t h i s  r e l e a s e  of supe rhea t  a t  t h e  head of t h e  a n n u l a r  f low regime would 
be ve ry  r a p i d ,  it seems reasonab le  t o  t r e a t  i t  as  an i n s t a n t a n e o u s  r e l e a s e ,  a s  
was done i n  t h e  a n a l y s i s  o f  a p ropaga t ing  vo id .  Mathematical ly  w e  can  e x p r e s s  




f ( z )  6(R) d z  = s f ( z )  6(R) d z  = 0 
rv a t  z = R becomes 
V z= R 
To f i n d  (Vv 4- v) ,  i t  i s  n e c e s s a r y  t o  s o l v e  a s imultaneous s e t  of e q u a t i o n s  p re -  





cY p (v 4- v) = xi pL (Vi + v)  a v  v 
where 
8 = s u p e r h e a t  a t  t h e  head of t h e  void based on t h e  p r e s s u r e  on i t s  down- 
s t r e a m  s i d e ,  
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VL = l i q u i d  v e l o c i t y  ahead of  t h e  vo id .  
Across t h e  head of t h e  vo id ,  t h e r e  i s  a p r e s s u r e  d rop ,  which i s  needed t o  de te rmine  
0. This  was d e r i v e d  e a r l i e r  a s  Eq. (60) : 
The e x p r e s s i o n s  g iven  he re  neg lec t ed  vapor bubbles  immediately ahead of t h e  void 
( o r  a n n u l a r  f low r e g i o n ) .  
of l i q u i d  me ta l s  w i t h  supe rhea t  [Refs.  12 and 131. 
f o r  bubbles ahead of t h e  void  then r a t  z = R becomes 
A s  po in ted  o u t  e a r l i e r ,  t h i s  would be v a l i d  f o r  b o i l i n g  
I f  one should d e s i r e  t o  a l low 
V 
and (Vv + v) - , an a n a l y s i s  on t h e  p ropaga t ion  of 
z= R + 
To de termine  (V + v) 
V z= R 
void  i n t o  a bubble flow r e g i o n  must  be c a r r i e d  o u t .  
DISPERSED FLOW REGIME 
I n  fo rced  convec t ion  f lows which a r e  be ing  hea ted  t o  t o t a l  e v a p o r a t i o n ,  a condi -  
t i o n  w i l l  be reached where t h e  mass flow r a t e  of vapor w i l l  be s u f f i c i e n t l y  h igh  
s o  t h a t  t h e  mass f low r a t e  of l i q u i d  w i l l  be c a r r i e d  predominantly i n  t h e  form 
of d r o p l e t s  suspended i n  t h e  vapor s t r eam r a t h e r  than f lowing  a s  a cont inuous  
l i q u i d  l a y e r  a long  t h e  d u c t  w a l l .  Th i s  h igh  vapor q u a l i t y  flow regime i s  re- 
f e r r e d  t o  a s  t h e  d i s p e r s e d  f low regime o r  f o g  flow regime. Because of t h e  f a c t  
t h a t  t h e r e  i s  n o t  a cont inuous  l a y e r  of l i q u i d  a l o n g  t h e  w a l l  i n  t h e  d i s p e r s e d  
flow regime, t h e  h e a t  t r a n s f e r  c h a r a c t e r i s t i c s  f o r  t h i s  type of flow a r e  q u i t e  
d i f f e r e n t  from t h o s e  of a n n u l a r  flow. 
t r a n s f e r r e d  from t h e  d u c t  w a l l  t o  t h e  l i q u i d  l a y e r  which, be ing  e s s e n t i a l l y  i n  
I n  t h e  l a t t e r  f low regime, a l l  h e a t  i s  
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thermodynamic e q u i l i b r i u m  w i t h  t h e  vapor c o r e ,  t e n d s  t o  evapora t e  e i t h e r  by means 
o f  s u r f a c e  evapora t ion  a t  t h e  vapor - l iqu id  i n t e r f a c e  o r  by n u c l e a t i o n  of new vapor 
bubbles  i n  t h e  l i q u i d  l a y e r  a t  t h e  d u c t  s u r f a c e .  I n  t h e  d i s p e r s e d  f low regime, 
however, s i n c e  t h e  d u c t  w a l l  i s  n o t  c o n t i n u a l l y  covered by l i q u i d ,  some h e a t  i s  
t r a n s f e r r e d  d i r e c t l y  t o  t h e  vapor phase,  and thence  t o  t h e  l i q u i d  d r o p l e t s  i n  t h e  
vapor phase .  
due t o  d i f f u s i o n  of d r o p l e t s  t o  t h e  d u c t  w a l l ,  t h e  mechanism of  h e a t  t r a n s f e r  
t ends  u s u a l l y  t o  be t h a t  of f i l m  b o i l i n g ,  i n  which h e a t  i s  t r a n s f e r r e d  t o  a t h i n  
vapor  between t h e  l i q u i d  and t h e  d u c t  w a l l  and thence  t o  t h e  l i q u i d  p a t c h .  
Even f o r  t hose  a r e a s  of  t h e  d u c t  w a l l  "covered" by l i q u i d  p a t c h e s  
S i n c e , i n  t h e  d i s p e r s e d  f low f f l m  b o i l i n g  r e g i m e , h e a t ' i s  t r a n s f e r r e d  f i r s t  
t o  t h e  vapor phase ,  c o n s i d e r a b l e  vapor  supe rhea t  i s  l i k e l y  t o  r e s u l t  because t h i s  
supe rhea t  i s  t h e  pr imary  d r i v i n g  f o r c e  f o r  evapora t ion  i n  t h e  f i l m  b o i l i n g  p rocess  
CRef. 201, 
r eg ion  and a c o n s t i t u t i v e  equa t ion  i s  r equ i r ed  f o r  d e t e r m i n a t i o n  of r - 
Hence, thermodynamic e q u i l i b r i u m  cannot  be presumed t o ' e x i s t  i n  t h i s  
V 
One can c o n s i d e r  a number of  p h y s i c a l  mechanisms l e a d i n g  t o  evapora t ion  of  t h e  
l i q u i d  d r o p l e t s  i n  a d i s p e r s e d  f low regime. 
t h e  d r o p l e t s  due t o  t h e  p r e s s u r e  d rop  a long  t h e  d i r e c t i o n  of f low.  Th i s  pa r -  
t i c u l a r  mechanism has  been analyzed by D .  Dougherty eRef * 211 and a c o n s t i t u t i v e  
e q u a t i o n  d e r i v e d  f o r  t h i s  p rocess  of  evapora t ion .  
inc luded  a s  Appendix I I f o r  t h e  convenience of t h e  r e a d e r .  
One mechanism i s  t h e  " f lash ing"  of 
Dougherty 's  d e r i v a t i o n s  a r e  
A second mechanism f o r  evapora t ion  i s  t h a t  of  h e a t  t r a n s f e r  t o  t h e  vapor  and 
thence  t o  t h e  l i q u i d  d r o p l e t s  i n  t h e  f low.  For  t h i s  mechanism, h e a t  t r a n s f e r  
t o  t h e  vapor could  be e s t ima ted  by some accepted  c o r r e l a t i o n  f o r  a l l  vapor con- 
v e c t i v e  h e a t  t r a n s f e r .  Heat t r a n s f e r  t o  t h e  d r o p l e t s  could then  be e s t ima ted  
on t h e  b a s i s  o f  a number of  r e c e n t  exper imenta l  s t u d i e s  of h e a t  t r a n s f e r  t o  
d r o p l e t s  suspended i n  superhea ted  vapor [cf  Refs  e 22,  281 
A t h i r d  mechanism f o r  evapora t ion  of  l i q u i d  i n  t h e  d i s p e r s e d  f low regime i s  t h e  
impingement o f  d r o p l e t s  d i r e c t l y  on t h e  d u c t  w a l l  due t o  t u r b u l e n t  d i f f u s i o n ,  A t  
low h e a t  f l u x e s ,  t h e s e  l i q u i d  d r o p l e t s  may d i r e c t l y  c o n t a c t  t h e  w a l l ,  so t h a t  
t h e  h e a t  t r a n s f e r  mechanism i s  one of s o l i d  t o  l i q u i d .  It i s  much more l i k e l y ,  
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However, t h a t  t h e  h e a t  f l u x  l eve l  i n  "once through" e v a p o r a t o r s  would be s u f -  
f i c i e n t l y  h igh  so  t h a t  a " f i lm  b o i l i n g "  vapor  l a y e r  would develop between 
impinging d r o p l e t s  and t h e  d u c t  w a l l ;  a "Leidenfros t"  t ype  of  h e a t  t r a n s f e r  
mechanism then  exis ts  f o r  t h e s e  d r o p l e t s .  
One p o s s i b l e  approach t o  a n a l y z i n g  t h e  i s o l a t e d  problem of  t h e  v a p o r i z a t i o n  rate 
of d r o p l e t s  impinging on t h e  d u c t  w a l l  would be  t o  assume t h a t  a l l  d r o p l e t s  
t r a n s f e r r e d  t o  t h e  w a l l  by t u r b u l e n t  d i f f u s i o n  are evapora ted .  The problem then  
becomes one of  c a l c u l a t i n g  t h e  d r o p l e t  d i f f u s i o n  rate.  At tempts  t o  a n a l y z e  t h i s  
problem have been made i n  connec t ion  wi th  t r y i n g  t o  p r e d i c t  burnout  i n  fo rced  con- 
v e c t i o n  b o i l i n g  [Refs. 23 and 241. 
of such a n a l y s e s  has  been t h a t  of de te rmining  r e a l i s t i c  d i f f u s i o n  c o e f f i c i e n t s  
f o r  d r o p l e t s .  
The p r i n c i p a l  d i f f i c u l t y  i n  t h e  development 
A s i d e  from t h e  mechanism of " f l a sh ing , "  t h e  b e s t  a v a i l a b l e  comprehensive a t t a c k s  
on t h i s  problem appea r  t o  be the  works of Lave r ty  and Rohsenhow [Ref. 201 and 
Fors lund  and Rohsenhow [Ref. 253 I )  
h e a t i n g  was observed i n  t h e  d i s p e r s e d  f low regime of fo rced  convec t ion  flow of ' 
b o i l i n g  n i t r o g e n .  The f i r s t  of t h e s e  works o f f e r s  a n  a n a l y s i s  of  d i s p e r s e d  flow 
b o i l i n g  based on c o n s i d e r a t i o n  of h e a t  t r a n s f e r  from superhea ted  vapor  t o  l i q u i d  
d r o p l e t s .  The l a t t e r  work ex tends  t h i s  a n a l y s i s  by i n c l u d i n g  t h e  e f f e c t s  of  
d r o p l e t  breakup,  "Leidenfros t"  h e a t  t r a n s f e r  from t h e  w a l l  t o  t h e  d r o p l e t s ,  and 
modi f ies  t h e  d rag  c o e f f i c i e n t  f o r  a c c e l e r a t i n g  d r o p l e t s .  A g e n e r a l  d e s c r i p t i o n  
of  a method f o r  c a l c u l a t i n g  I' f o r  d i s p e r s e d  f low,  based on t h e  work of Lave r ty  
and Rohsenhow and Pors lund  and Rohsenhow, i s  g iven  below. 
I n  bo th  i n v e s t i g a t i o n s  s i g n i f i c a n t  super -  
V 
Pors lund  and RBhsenhow assumed t h a t  e n t r a i n e d  d r o p l e t s ,  be ing  s u f f i c i e n t l y  d i s p e r s e d ,  
probably  would n o t  encounter  one ano the r .  
d r o p l e t  remains d i s t i n c t  u n t i l  i t  impinges on t h e  w a l l ,  whereupon i t  r e c e i v e s  h e a t  
d i r e c t l y  from t h e  w a l l  and becomes comple te ly  evapora ted .  
exceeds t h a t  which i s  a l lowed by t h e  c r i t i c a l  Weber number, t hen  Pors lund  and 
Rohsenhow assumed t h a t  each d r o p l e t  would d i v i d e  i n  two. Weber number i s  de f ined  
as 
They p o s t d a t e d  t h a t  t h e  i d e n t i t y  of each  
I f  t h e  s l i p  v e l o c i t y  
where 6 i s  t h e  d r o p l e t  diameter. 
4 9  
The c r i t i c a l  Weber number h a s  26 and 291 
t o  range between 6 .7  t o  9 .6 .  Presumably, t h e  range r e f l e c t s  some Reynolds num- 
b e r  i n f l u e n c e .  
251 i s  
been determined expe r imen ta l ly ,  [Refs 
A recommended v a l u e  f o r  c x i t i c a l  Weber number sugges ted  i n  [Ref. 
= 7.5 (111) (we 1 c r i t i c  a 1 
P u t t i n g  as ide t h e  problem of d r o p l e t  breakup f o r  now, one can  w r i t e  
where N 
w a l l  impingement, which can  be e s t ima ted  acco rd ing  t o  expe r imen ta l ly  determined 
"Leidenfrost"  h e a t  t r a n s f e r  data .  According t o  [Refs. 25,271 
(6 N L / S t ) w  w a s  found t o  be 
i s  t h e  number of d r o p l e t s  p e r  u n i t  volume, and ( S N L / S t > w  i s  t h e  r a t e  of L 
f o r  h o r i z o n t a l  d u c t s  
where g i s  t h e  e f f e c t i v e  a c c e l e r a t i o n  p e r p e n d i c u l a r  t o  t h e  a x i a l  d i r e c t i o n  and 
may inc lude  t h e  c e n t r i f u g a l  a c c e l e r a t i o n  i f  s p i r a l e d  i n s e r t s  a r e  used.  The vapor 
p r o p e r t i e s  (p 
n 
C ) a r e  t o  be eva lua ted  a t  t h e  average  of t h e  w a l l  t empera ture ,  v '  Kva I? 
and t h e  l o c a l  s a t u r a t i o n  tempera ture ,  '&ac. D i s  t h e  d iameter  of  t h e  d u c t .  AT: Tw 3 
and AT" a r e  t h e  d imens ion le s s  w a l l  and l i q u i d  s u p e r h e a t s  L 
T i s  t h e  tempera ture  of t h e  superhea ted  l i q u i d  d r o p l e t s  and (C ) i s  t h e  c o n s t a n t  
p r e s s u r e  s p e c i f i c  h e a t  of t h e  l i q u i d .  
L P L  
50 
The vapor g e n e r a t i o n  r a t e  i s  numer i ca l ly  equa l  t o  t h e  l i q u i d  evapora t ion  r a t e ,  
T h e r e f o r e ,  one can  wr i te  
I) 3 3 V = - {& kL PLJ + & [NL PL VL 
Making use of Eq. (112), one o b t a i n s  
The d r o p l e t  d i a m e t e r ,  6,  changes a s  its s u r f a c e  evapora t e s  under t h e  combined h e a t i n g  
from t h e  superhea ted  vapor environment a s  w e l l  a s  i t s  i n t e r n a l  supe rhea t  ( f l a s h i n g ) .  
The re fo re ,  from t h e  energy ba lance ,  one can w r i t e  
o r  
rt 
There fo re ,  





accord ing  t o  Ref .  2 8 .  AT i s  t h e  d imens ion le s s  vapor supe rhea t  
Jc ' ~ ( ~ v -  Tsat) 
h ATv = 
f g  
v Pr)  should be eva lua ted  a t  t h e  f i l m  v '  cP' v y  Here, v a r i o u s  vapor p r o p e r t i e s  (K 
tempera ture  o r  (T + Tsa>/2. P r  i s  t h e  P r a n d t l  number of t h e  vapor'. 
f l u x  due t o  d r o p l e t  i n t e r n a l  supe rhea t  was de r ived  i n  Ref .  21 t o  be 
The h e a t  
V 





L S J  J( ($) - 1 (l-ATL) I 
where % i s  t h e  thermal c o n d u c t i v i t y  of t h e  l i q u i d ,  and 6 .  i s  t h e  i n i t i a l  d r o p l e t  
d i a m e t e r .  Examining Eqs. (113) ,  (119), (120) and (122) ,  one may make some i n t e r -  
e s t i n g  q u a l i t a t i v e  o b s e r v a t i o n s .  According t o  t h e  c r i t i c a l  Weber number condi- 
t i o n  (110),  t h e  d r o p l e t  d i ame te r  would be p r o p o r t i o n a l  t o  t h e  s u r f a c e  t e n s i o n .  
Thus, f o r  a g iven  va lue  of N 6 , t h e  "Leidenfros t"  term would be r e l a t i v e l y  more 
impor tan t  f o r  a l i q u i d  w i t h  a l a r g e r  s u r f a c e  t e n s i o n .  Also,  t h e  " f l a sh ing"  term 
would be more impor tan t  i f  t h e  thermal c o n d u c t i v i t y  i s  l a r g e .  For t h e s e  r easons ,  
t h e s e  two te rms  should become r e l a t i v e l y  more impor t an t  i n  l i q u i d  meta l  b o i l i n g  




The d r o p l e t s  tend t o  fo l low t h e  vapor flow c lose ly .  The re fo re  (V - V ), which 
appea r s  i n  Eq. (120) e x p r e s s i n g  t f ie  convec t ive  h e a t  t r a n s f e r  between vapor and 
t h e  d r o p l e t s ,  may be neg lec t ed  i n  t h e  f i r s t  approximat ion .  However, i f  t h e  vapor 
i s  r a p i d l y  a c c e l e r a t i n g ,  t h e n  a f i n i t e  s l i p  would develop ,  which i n  t u r n  would 
a c c e l e r a t e  t h e  d r o p l e t s .  
s l i p  i s  
V L  
The r e l a t i o n  between d r o p l e t  a c c e l e r a t i o n  and v e l o c i t y  
52 
aL- gz 
g i s  t h e  component of g r a v i t a t i o n a l  a c c e l e r a t i o n  a long  t h e  d u c t .  C i s  t h e  d r a g  
c o e f f i c i e n t  and has been measured by Ingebo [Ref .  263 a s  w e l l  a s  by Fors lund  and 
Rohsenow [Ref 251 F i g .  12, which i s  reproduced from Ref 25, shows t h e  d r a g  
c o e f f i c i e n t s  f o r  l i q u i d  d r o p l e t s  (CD1) a s  measured by Ingebo a s  w e l l  a s  f o r  t h e  
s o l i d  sphere (CD2)*  
Fors lund  and Rohsenow found i n  t h e i r  exper iments  t h a t  f o r  l a r g e r  d r o p l e t s ,  typ- 
i c a l l y  a C 500 f t / s e c  CD2) was more a c c u r a t e .  The re fo re ,  t hey  recommended 
t h e  fo l lowing  i n t e r p o l a t i o n  formula: 
Z D 
2 Ingebo ' s  d a t a  was g e n e r a l l y  taken  w i t h  a > 5500 f t / s e c  L 
2 
L 
- pL ' > 5.625 
CD 0 - 
where 
2 i f  aL 5 500 f t / s e c  
F = [;$ 500)/5000 i f  500 < aL < 5500 
i f  aL 2 5500 
Having determined (V - V ), t h e  Weber number can be c a l c u l a t e d  from E q .  (110) t o  
t e s t  i f  breakup would t a k e  p l a c e .  I n  f a c t ,  Eqs. (110), (Ill), and (123) can  be 
combined t o  y i e l d  t h e  breakup c r i t e r i o n :  
V L  
I f  breakup should t a k e  p l a c e ,  an& i f  one o r i g i n a l  d r o p l e t  should s p l i t  i n t o  two; 
(NL) = 2(NL) 
a f t e r  b e f o r e  
- 113 
( " a f t e r  = 2  (6 'before  
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I n  o r d e r  t o  use E q s .  (120) and (121),  T i s  needed. I f  t he  h e a t  i n p u t  t o  t h e  
d u c t  i s  known, then  a h e a t  ba l ance  y i e l d s  
V 
The void f r a c t i o n  CY can  be c a l c u l a t e d  from 
One would e x p e c t  t h a t  a =  1 would be an  adequate  approximation i n  most s i t u a t i o n s .  
If  t h e  wa l l  t empera tu re ,  
t empera tu re  c a n  be c a l c u l a t e d  acco rd ing  t o  t h e  s i n g l e  phase h e a t  t r a n s f e r  formula: 
i n s t e a d  o f  t h e  h e a t  i n p u t  i s  known, t h e n  t h e  vapor Tw 9 
K 
= 0.076 O e 4  2 (T - T ) 
D2 w v 
The vapor-phase mass v e l o c i t y  can  be c a l c u l a t e d  from t h e  formula 
+ (1-a) pLVL = G 
&PVVV 
o r  
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To c a r r y  o u t  computat ions acco rd ing  t o  the above a n a l y s i s ,  i t  i s  n e c e s s a r y  t o  
f i r s t  e s t a b l i s h  t h e  c o n d i t i o n s  a t  which t h e  d i s p e r s e d  flow regime b e g i n s .  There 
appea r  t o  be t h r e e  p l a u s i b l e  mechanisms f o r  t h e  l i q u i d  phase t o  c e a s e  t o  form a 
con t inuous  f i l m  on t h e  d u c t  w a l l .  F i r s t  o f  t h e s e  i s  e n t i r e l y  of hydrodynamic 
n a t u r e .  Then, t h e  mechanism i s  p r i m a r i l y  a s u r f a c e  wave i n s t a b i l i t y ,  and t h e  
r e l e v a n t  pa rame te r s  a r e  vapor phase dynamic head, l i q u i d  v i s c o s i t y  and s u r f a c e  
t e n s i o n .  A w e l l  known e m p i r i c a l  f low regimes map r e f l e c t i n g  such views i s  due 
t o  Baker [Ref.  SO]. The "Baker Chart"  i s  reproduced a s  F i g .  13. S i m i l a r  i d e a s  
a r e  con ta ined  i n  R e f s .  31 and 32 .  A second mechanism which i s  a l s o  hydrodynamic 
i n  n a t u r e ,  concerns t h e  d i f f u s i o n  r a t e  of t h e  d r o p l e t s  from t h e  c o r e  t o  t h e  w a l l .  
T ransve r se  a c c e l e r a t i o n  f i e l d ,  g r a v i t a t i o n a l  o r  c e n t r i f u g a l ,  would be a p r i n c i -  
p a l  p h y s i c a l  parameter  i n  t h i s  c a s e .  R e f s .  23, 34, 35, and 36 expounded t h i s  
i d e a .  T h i s  l a s t  concept  can  be approximately expressed a s  
3 
a t  t r a n s i t i o n  - 6NL rr6 2 4 = (st' (7) P L h f g4 
rrD W 
A t h i r d  view a d d r e s s e s  a t t e n t i o n  t o  t h e  s u r f a c e  e v a p o r a t i o n  r a t e  and t h u s  would 
b r i n g  o u t  h e a t i n g  r a t e  a s  a p r i n c i p a l  v a r i a b l e  [Refs .  37, 38, 39 and 401,  
any c a s e ,  i n  so  f a r  a s  t h e  d i sappea rance  of t h e  l i q u i d  l a y e r  would s u b s t a n t i a l l y  
a l t e r  t h e  h e a t  t r a n s f e r  mode, c r i t e r i a  f o r  " C r i t i c a l  Heat Flux" p robab ly  have 
some s i g n i f i c a n c e  i n  t h e  t r a n s i t i o n  o f  a n n u l a r  f low t o  d i s p e r s e d  flow i n  fo rced  
convec t ion  b o i l i n g .  A t  t h e  p r e s e n t ,  t h e r e  i s  no expe r imen ta l  d a t a  on t h e  t r a n s -  
i t i o n  c o n d i t i o n s  f o r  l i q u i d  me ta l  b o i l i n g .  Presuming t h a t  t h e  t r a n s i t i o n  con- 
d i t i o n  could be determined,  t hen  t h e  i n i t i a l  d r o p l e t  d i ame te r  may be  e s t ima ted  
from t h e  c r i t i c a l  Weber number. That  i s  
I n  
55 
Together  w i t h  t h e  knowledge of flow q u a l i t y ,  o r  void f r a c t i o n ,  t h e  i n i t i a l  va lue  
of N can  be determined from Eqs.  (129) and (133), t h e n  computation of b o i l i n g  
d i s p e r s e d  flow can commence e 
L 
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SUMMARY OF CONSTITUTIVE RELATIONSHIPS FOR VAPOR GENERATION I N  ONCE-THROUGH BOILER 
I n  preceding  s e c t i o n s  of  t h i s  r e p o r t  t h e r e  have been p u t  f o r t h  c o n s t i t u t i v e  r e l a -  
t i o n s h i p s  f o r  c a l c u l a t i n g  r t h e  n e t  vapor gene ra t ion  p e r  u n i t  volume, i n  v a r i o u s  
b o i l i n g  flow regimes.  Below i s  d i scussed  how t h e s e  r e l a t i o n s h i p s  may be combined 
o r  l i nked  t o g e t h e r  t o  pe rmi t  one t o  p r e d i c t  vapor gene ra t ion  a t  each p o s i t i o n  a -  
l ong  a once-through b o i l e r  i n  which t h e  f low i s  n o t ,  i n  g e n e r a l ,  i n  thermodynamic 
e q u i l i b r i u m .  
s i d e r e d :  
d u c t  w a l l  and a bubble  f low regime exis ts  f o r  some l e n g t h  downstream of t h i s  i n -  
c e p t i o n  p o i n t ,  (b) t h e  s i t u a t i o n  i n  which b o i l i n g  f i r s t  t a k e s  p l a c e  i n  a d u c t  
a s  a r e s u l t  o f  superhea ted  f low coming d i r e c t l y  i n  c o n t a c t  w i t h  t h e  i n t e r f a c e  o r  
“head” of an  a n n u l a r  vapor  vo id .  
V’ 
I n  d i s c u s s i n g  t h i s  problem two d i f f e r e n t  s i t u a t i o n s  w i l l  be con- 
t h e  s i t u a t i o n  i n  which t h e  p o i n t  of i n c e p t i o n  of b o i l i n g  i n  t h e  (a)  
The q u e s t i o n  of  which of t h e s e  s i t u a t i o n s  i s  l i k e l y  t o  p r e v a i l  can be  answered 
by means of t h e  fo l lowing  a n a l y t i c a l  c o n s i d e r a t i o n s ,  
I f  b o i l i n g  f i r s t  t a k e s  p l a c e  i n  a d u c t  by t h e  mechanism of having n u c l e a t i o n  t a k e  
p l a c e  a t  a s i t e  a long  t h e  d u c t  w a l l ,  then  i t  seems p h y s i c a l l y  r easonab le  t o  ex- 
p e c t  t h a t  such  n u c l e a t i o n  should s a t i s f y  t h e  c r i t e r i a  f o r  i n c i p i e n t  n u c l e a t i o n  
s e t  f o r t h  i n  Ref .  39. That  i s ,  f o r  n u c l e a t i o n  t o  t a k e  p l a c e  a t  t h e  d u c t  of  a 
w a l l  r e q u i r e s  a deg ree  of  supe rhea t ing  which i s  a t  l e a s t  roughly p r e d i c t a b l e  by 
t h e  e q u a t i o n s  p r e s e n t e d  i n  Ref .  39. With t h i s  deg ree  of supe rhea t  de te rmined ,  
one can n e x t  make t h e  fo l lowing  c a l c u l a t i o n s  t o  de te rmine  whether  o r  n o t  a bubble  
f low regime w i l l  deve lop  downstream from t h e  b o i l i n g  n u c l e a t i o n  s i t e s .  One f i r s t  
c a l c u l a t e s  t h e  maximum growth r a t e  R of a s i n g l e  vapor  bubble cor responding  t o  
t h e  deg ree  of b u l k  supe rhea t  a s s o c i a t e d  w i t h  i n c e p t i o n  of n u c l e a t i o n .  
t h i s  c a l c u l a t i o n  one h a s  t o  make some d e c i s i o n  concern ing  t h e  a p p r o p r i a t e  va lue  
t o  use f o r  C ,  t h e  c o e f f i c i e n t  of v a p o r i z a t i o n  Having determined (R - v  ) max’ one 
can  then  app ly  t h e  rough c r i t e r i o n  t h a t  f o r  bubble  f low t o  develop (R ) must 
V 
I n  making 
Jc 
V max 
- - - - P - - P - - - - 3 - - - - P - - _ - - - - - - - - - P - - - -  
Jc 
There i s  l i t t l e  exper imenta l  i n fo rma t ion  a v a i l a b l e  a t  p r e s e n t  t o  guide  one i n  
t h i s  cho ice .  Hopefu l ly ,  more in fo rma t ion  w i l l  become a v a i l a b l e  i n  t h e  f u t u r e .  
A t  p r e s e n t  i t  i s  recommended t h a t  one t a k e  C = 1. 
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be less than  t h e  i n l e t  v e l o c i t y  o f  l i q u i d  i n t o  t h e  b o i l e r  t u b e .  Should t h i s  
c r i t e r i o n  be m e t ,  t hen  one would proceed t o  ana lyze  t h e  f low i n  t h e  d u c t  i n  t h e  
f o l l o w i n g  manner. 
Fo r  a f i r s t  a t t e m p t  t o  t r e a t  f o r c e  convec t ion  b o i l i n g  flow, t h e  s i n g l e  d i s c r e t e  
sou rce  model may be ana lyzed .  Most of t h e  impor t an t  p h y s i c a l  f e a t u r e s  would be 
d i s p l a y e d  i n  t h e  r e s u l t s  of such an  a n a l y s i s ,  The expe r i ence  gained i n  t h e  math- 
e m a t i c a l  t r e a t m e n t  of t h i s  s i m p l e r  problem would be a l o g i c a l  s t a r t i n g  p o i n t  f o r  
t h e  development of a comprehensive a n a l y s i s  which would s y n t h e s i z e  a s t a t i s t i c a l  
d i s t r i b u t i o n  o f  n u c l e a t i o n  s i t e s  on t h e  d u c t  w a l l ,  
A s  l i q u i d  s u p e r h e a t  i s  r e l e a s e d  i n  t h e  bubble  f low regime due t o  growth of d i s -  
crete  bubb les ,  a p o i n t  w i l l  be reached where t h e  bubble  flow regime w i l l  c e a s e  
and a t r a n s i t i o n  t o  a h i g h e r  vapor f low r a t e  t ype  of flow regime w i l l  o c c u r ,  A s  
noted e a r l i e r ,  i n s o f a r  a s  c a l c u l a t i o n  of r i s  concerned, i t  i s  proposed t h a t  
i t  be cons ide red  t h a t  bubble flow be fol lowed d i r e c t l y  by a n n u l a r  f low,  and t h a t  
t r a n s i t i o n  f low regimes such a s  s l u g  flow o r  c o e l e s c i n g  flow be n e g l e c t e d ,  Our 
c o n s t i t u t i v e  model f o r  a n n u l a r  flow i s  t h a t  a t  t h e  "head" o r  s t a r t  of t h i s  f low 
regime, a l l  s u p e r h e a t  p r e s e n t  i n  t h e  approaching l i q u i d  flow i s  r e l e a s e d  immedi- 
a t e l y ,  and t h a t  downstream of t h i s  p o i n t ,  f o r  t h e  remainder of t h e  a n n u l a r  flow 
regime, thermodynamic e q u i l i b r i u m  be ma in ta ined ,  The p o i n t  a t  which t h e  bubble 
flow regime would be cons ide red  t o  end would be determined a s  a f u n c t i o n  of 
vapor flow q u a l i t y  acco rd ing  t o  t h e  b e s t  e m p i r i c a l  d a t a  a v a i l a b l e  f o r  mapping 
flow regimes.  [ c f Ref 161,  
V 
I n  summary then ,  o u r  o v e r a l l  model f o r  thermodynamic non-equi l ibr ium vapor  gen- 
e r a t i o n  i n  f low s i t u a t i o n s  where a n n u l a r  flow would be proceeded by bubble flow 
i s  one of i n c i p i e n t  n u c l e a t i o n  o c c u r r i n g  a t  a deg ree  o f  supe rhea t  p r e d i c t e d  by 
t h e  c r i t e r i a  of Re f .  3 9 ,  fol lowed by g r a d u a l  and con t inuous  r e l e a s e  of super-  
h e a t  due t o  i n d i v i d u a l  bubble  growth r a t e .  T h i s  i s  t h e n  followed by i n s t a n t a n -  
eous r e l e a s e  of a l l  remaining supe rhea t  a s  t h e  s t a r t  of t h e  a n n u l a r  flow regime 
i s  reached,  and t h e  m a i n t a i n i n g  of thermodynamic e q u i l i b r i u m  throughout  t h e  re- 
mainder of t h e  a n n u l a r  f low regime,  
58 
Should bubble  growth r a t e  a t  t h e  p o i n t  of i n c e p t i o n  of n u c l e a t i o n  be s u f f i c i e n t l y  
l a r g e  such t h a t  a bubble  f low regime would n o t  be ob ta ined ,  t hen  t h e  s i t u a t i o n  
would be q u i t e  adequate  by " f lash ingq '  of superhea ted  l i q u i d  i n t o  a f low regime 
having  a cont inuous  c e n t r a l  vapor vo id .  The c o n s t i t u t i v e  model f o r  t h i s  f low 
s i t u a t i o n  would be one of  immediate and d i scon t inuous  r e l e a s e  of l i q u i d  supe rhea t  
a t  t h e  head of  t h i s  a n n u l a r  f low regime,  The problem t o  be solved r e l e v a n t  t o  
t h i s  f low regime concerns  t h e  s t a b i l i t y  of t h e  l o c a t i o n  of t h e  "head" of t h e  ann- 
u l a r  f low regime.  The q u e s t i o n  of whether  o r  n o t  t h e  head of t h e  c e n t r a l  vapor 
void can remain f i x e d  i n  space  can be answered by app ly ing  t h e  c r i t e r i o n  f o r  
vapor  void p ropaga t ion  developed e a r l i e r  i n  t h i s  r e p o r t .  Should t h i s  c r i t e r i o n  
p r e d i c t  t h a t  t h e  vapor void head v e l o c i t y  v be ze ro ,  t hen  t h e  head of t h e  void 
w i l l  remain s t a b l y  "at tached" t o  t h e  p o i n t  of i n c e p t i o n  of n u c l e a t i o n .  Should 
t h i s  c r i t e r i o n  p r e d i c t  t h a t  v be n e g a t i v e ,  t han  t h e  void would tend  t o  be  washed 
downstream and one would a g a i n  be fo rced  t o  c o n s i d e r  t h e  e x i s t e n c e  of a bubble  
f low regime p reced ing  an  annu la r  f low regime.  Should t h i s  c r i t e r i o n  p r e d i c t  
t h a t  t h e  void  tend t o  propagate  upstream, then  one would be l ed  i n t o  an a n a l y s i s  
of t h e  p ropaga t ion  of a c e n t r a l  vo id ,  such a s  t h e  one developed e a r l i e r  i n  t h i s  
r e p o r t ,  i n  o r d e r  t o  de te rmine  whether  t h e  head of t h e  c e n t r a l  void can  t a k e  up a 
s t a b l e  p o s i t i o n  o r  would tend  t o  o s c i l l a t e  i n d e f i n i t e l y ,  l e a d i n g  t o  an  i n s t a b i l -  
i t y  of t h e  type  f r e q u e n t l y  observed i n  l i q u i d  me ta l  b o i l i n g  f lows  when cons ide r -  
a b l e  supe rhea t  i s  r equ i r ed  f o r  i n c e p t i o n  of n u c l e a t i o n ,  
For  bo th  t h e  s i t u a t i o n  where a n n u l a r  f low i s  preceeded by a bubble  f low regime 
and t h e  s i t u a t i o n  where i t  i s  n o t ,  t h e  c o n d i t i o n  w i l l  f i n a l l y  be reached i n  a 
once-through b o i l e r  where t h e  l i q u i d  c o n t e n t  of t h e  f low i s  s u f f i c i e n t l y  sma l l  
such  t h a t  a cont inuous  l i q u i d  f i l m  i s  n o t  maintained ove r  t h e  p e r i p h e r y  of t h e  
d u c t ,  and t h e  f low w i l l  p a s s  from t h e  a n n u l a r  f low regime t o  t h e  d i s p e r s e d  f low 
regime e 
Exper imenta l  i n fo rma t ion  on t h e  t r a n s i t i o n  from t h e  annu la r  regime t o  t h e  d i s -  
persed  f low regime i s  l i m i t e d  t o  o r d i n a r y  f l u i d s  and t h e  e f f e c t  of h e a t  f l u x  has  
been p o s t u l a t e d  t o  be r e l a t e d  t o  t h e  " c r i t i c a l  h e a t  f l u x "  burn-out  c o r r e l a t i o n ,  
C o n s i s t e n t  w i t h  t h e  l a t t e r  t h i n k i n g ,  a h e a t  ba l ance  between t h e  vapor i z ing  h e a t  
of t h e  impinging d r o p l e t s  and t h e  i n p u t  h e a t  f l u x  p rov ides  a c o n d i t i o n  which 
59 
should be an  upper l i m i t  e s t i m a t e  i n  t h e  e x t e n t  of t h e  annu la r  f low regime, s i n c e  
a d d i t i o n a l  hydrodynamic e f f e c t  would be  p r e s e n t  t o  breakup t h e  l i q u i d  f i l m  on t h e  
d u c t  w a l l .  The t r a n s i t i o n  from annu la r  t o  despersed  f low regime can  be de layed  
by employing swi r l - induc ing  tube  geometr ies  f o r  once-through b o i l e r .  
Once t h e  d i s p e r s e d  f low regime i s  reached,  f u r t h e r  evapora t ion  of t h e  l i q u i d  drop-  
l e t s  would a g a i n  t a k e  p l a c e  w i t h  supe rhea t ing  s imul t aneous ly  p r e s e n t  i n  t h e  vapor 
phase,  i n  t h e  d r o p l e t s  themselves ,  a s  w e l l  a s  a t  t h e  d u c t  w a l l .  So f a r  a s  a 
t o t a l  f i e l d  d e s c r i p t i o n  of t h e  h y d r a u l i c  system, t h e  d i s p e r s e d  f low regime i s  
r e l a t i v e l y  more comple te ly  de f ined  a t  t h e  l e v e l  of phenomenological f i r s t  p r i n -  
c i p l e s .  The a c t u a l  computat ion,  however, i s  c o n t i n g e n t  on t h e  a v a i l a b i l i t y  of 
adequate  i n i t i a l  c o n d i t i o n s ,  which would be ,  a t  l e a s t  i n  p a r t ,  dependent  on t h e  
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S t e a d y - s t a t e  d t a g  c o e f f i c i e n t  f o r  l i q u i d  d r o p l e t s  
S t eady- s t ace  d rag  c o e f f i c i e n t  f o r  s o l i d  sphere  
Constant  p r e s s u r e  s p e c i f i c  h e a t  of l i q u i d  
The number of vapor bubbles  l y i n g  i n  t h e  s i z e  i n t e r v a l  
R, to Rv 4- dRv 
Diameter of t h e  duc t  
F r i c t i o n  f a c t o r  
G r a v i t a t i o n a l  c o n s t a n t  
E f f e c t i v e  a c c e l e r a t i o n  pe rpend icu la r  t o  t h e  a x i a l  d i r e c t i o n  
The component of g r a e i t a t i o n a l  a c c e l e r a t i o n  a long  t h e  duc t  
L a t e n t  h e a t  of v b p o r i z a t i o n  
Heat of v a p o r i z a t i o n  of l i q u i d  eva lua ted  a t  i n l e t  p r e s s u r e  
Enthalpy - p r e s s u r e  d e r i e a t i v e s  of s a t u r a t e d  dagor 
Enthalpy - p r e s s u r e  d e r i v a t i v e s  of s a t u r a t e d  l i q u i d  
S p e c i f i c  enthajlpy of s a t u r a t e d  h p o r  
S p e c i f i c  enthagpy of s a t u r a t e d  liquHd 
Mechanical e q u i v a l e n t  of h e a t  c o n v e r t i n g  thermal  t o  mechanical u n i t s  
Thermal c o n d u c t i v i t y  of t h e  vapor  
K i n e t i c  energy 
I’Thermal c o n d u c t i v i t y  of t h e  l i q u i d  
Spacing between consecu t ive  bubbles ;  a l s o  a x i a l  l o c a t i o n  of t h e  












P b *  
r 
R 
Loca t ion  j u s t  downstream of t h e  mose of  t h e  void  
Axia l  l o c a t i o n  j u s t  upstream of t h e  nose of  t h e  void 
N e t  evapora t ion  r a t e  of f l u i d  
Bubble d e n s i t y  i n  t h e  s i z e  i n t e r v a l  between R 
Bubble d e n s i t y  pe r  u n i t  l eng th  
and R, + d s  
V 
Number of d r o p l e t s  p e r  u n i t  volume 
S t a t i c  system p r e s s u r e  i n  t h e  l i q u i d  j u s t  ahead of t h e  bubble ,  
a l s o  denoted a s  Pa-R-  
P r e s s u r e  change a c r o s s  t h e  nose of t h e  moving vo id  
= 
= P r a n d t l  number of t h e  vapor 
= Vapor p r e s s u r e  i n s i d e  t h e  bubble 
= P r e s s u r e  of t h e  l i q u i d  a t  t h e  bubble  s u r f a c e  
= 
P r e s s u r e  change occur r ing  from A* t o  z > 4 
S a t u r a t i o n  vapor  p r e s s u r e  cor responding  t o  TL 
= S a t u r a t i o n  yapor p r e s s u r e  cor responding  t o  T, 
= Liquid  p r e s s u r e  
= Heat i n p u t  p e r  u n i t  l eng th  of duc t  
= Liquid  s i d e  conduct ion  hea t  f l u x  a t  d r o p l e t  s u r f a c e  
= Heat f l u x  i n t o  t h e  l i q u i d  d r p p l e t  from t h e  superhea ted  vapor 
= Rate  of h e a t  t r a n s s e r  i n t o  t h e  bubble  
= Radius 
= Gas c o n s t a n t  
= Nuclea t ion  r a d i u s  o f  vapor  bubbles  
= Vapor bubble r a d i u s  
= Bubble r a d i u s  growth r a t e  
80 
Radius a t  edge of  t h e  thermal  boundary l a y e r  i n  t h e  l i q u i d  
Vapor s l i p  
Nuc lea t ion  source  s t r e n g t h  
Number o f  bubbles inuc lea tdd  p e r  second a t  t h e  s i n g l e  d i s c k e t e  
sou rce  l o c a t e d  a t  z = z' 
Time  
T ime  i n t e r v a l  used i n  numerical  i n t e g r a t i o n  
Temperature 
S a t u r a t i o n  tempera ture  - p r e s s u r e  d e r i v a t i v e  
Bimensionless  w a l l  supe rhea t  
Dimensionkess l i q u i d  supe rhea t  
I n l e t  t empera ture  of l i q u i d  
Tempdrature o f  t h e  vapor w i t h i n  t h e  bubble 
Temperature i n  t h e  l i q u i d  a t  t h e  bubble  s u r f a c e  
S a t u r a t i o n  tempera ture  cor responding  t o  Pm 
Wall t empera ture  
Liquid  tempera ture  a t  t h e  nose  of t h e  bubble  
Temperature o f  t h e  l i q u i d  
S p e c i f i c  i n t e r n a l  energy of t h e  l i q u i d  
T ime  r a t e  of change of  t h e  t o t a l  i n t e r n a l  energy i n s i d e  t h e  
bubble 
Pr  opaga t ion  v e l o c i t y  of void  
Volume of t h e  
Mass w e  i$h t ed  
Mean v e l o c i t y  
bubble 
mean v e l o c i t y  
of t h e  mixture  
81 
= V e l o c i t y  of l i q u i d  a t  d u c t  e n t r a n c e  
= Veloc i ty  of t h e  vapor  bubbles  i n  t h e  z d i r e c t i o n  
v i  
vv(z Y t )  
we = Weber number 
X = Flow weighted q u a l i t y  




(3 - w  
0 
8 i n  
K 
Dimensionless parameter  i n  Lockhar t -Mar t ine l l i  c o E r e l a t i o n ,  
see Eq. (86) 
Vapor mass flow qua lk ty  
Axia l  d i s t a n c e  
F r i c t i o n a l  p r e s s u r e  g r a d i e n t  f o r  t h e  two-phase flow i n  t h e  d u c t  
The f r a c t i o n  of t h e  c r o s s  s e c t i o n  a r e a  of t h e  d u c t  t h a t  i s  
occupied by t h e  vapor phase It t h e  p o s i t i o n  z 
N e t  r a t e  of l ~ q d i d  mass format ion  pe r  u n i t  volume based on 
mean convec t ion  
N e t  r a t e  of vapor  mass format ion  p e r  u n i t  volume 
Drop l e t  'd iameter  
I n i t i a l  d r o p l e t  d iameter  
Di rac  d e l t a  f u n c t i o n  a t  R 
Wall impingement r a t e  of l i q u i d  d r o p l e t s  
Superhea t  
Superhea t  of l i q u i d  a t  e n t r a n c e  t o  d u c t  (may be nega t ive )  
Average s a t u r a t i o n  p r e s s u r e  - t empera ture  d e r i v a t i v e  between 




V i s c o s i t y  of t h e  l i q u i d  phase 
V i s c o s i t y  of t h e  vapor  phase 
Licjdid d e n s i t y  
Vapor d e n s i t y  
S a t u r a t i o n  d e n s i t y  of vapor  eva lua ted  a t  i n l e t  p r e s s u r e  
Surf  ace  t e n s  i o n  
Wall f r i c t i o n  shea r  s t r e s s  
Dimensionless parameter  dk f ined  by Eq. (32) 
A- 1 
APPENDIX I 
L e t  u s  s y m b o l i c a l l y  deno te  Eq. ( 3 4 )  a s  
where Y(P ) r e p r e s e n t s  t h e  e n t i r e  l e f t  hand s i d e  of Eq. ( 3 4 ) .  
e x i s t i n g  nth guess  a t  t h e  s o l u t i o n  o f  Eq. ( A - 1 )  a s  P 
'vn + 1 
L e t  u s  denote  t h e  
V 
and t h e  n + 1 guess  a s  vn 
. S i n c e  w e  want t o  s e l ec t  P such t h a t  
vn + 1 
Y(Pvn + 1) = 0 (A-2 )  
w e  can use t h e  r e l a t i o n s h i p  
( A - 3 )  
i n  o r d e r  t o  determine o u r  n + 1 guess  f o r  P V . Solv ing  ( A - 3 )  f o r  Pvn + we o b t a i n  
( A - 4 )  
This  i s ,  i n  e s s e n c e ,  t h e  Newton-Raphson method f o r  i t e r a t i n g  t o  f i n d  t h e  r o o t s  of 
an  e q u a t i o n .  It converges ve ry  r a p i d l y  provided t h e  i n i t i a l  guess f o r  P i s  r e a -  
sonably c l o s e  t o  t h e  r o o t  b e i n g  sough t .  
V 
To a p p l y  t h e  method expres sed  s y m b o l i c a l l y  by Eq. ( A - 4 )  t o  Eq. ( 3 4 ) ,  w e  need t o  
o b t a i n  t h e  d e r i v a t i v e  o f  t h e  l e f t  hand s i d e  o f  Eq. ( 3 4 )  w i t h  r e s p e c t  t o  P i . e .  





S ince  t h e  s o l u t i o n  w e  seek f o r  P must g i v e  a p o s i t i v e  va lue  t o  t h e  r a d i c a l  i n  
Eq. (11) and a l s o  must be less than  PL, , w e  can s t a t e  t h a t  o u r  s o l u t i o n  must 
l i e  i n  t h e  range 
* V 




< P < PL, 
V 
a r easonab le  f i r s t  guess  a t  a s o l u t i o n  f o r  P which w e ’ l l  deno te  a s  P would 
be halfway between t h e  l i m i t s  on P s e t  by (A -6 )  i . e .  
V’ v l ’  
V 
Pvl = 112 (A- 7) 
Our n e x t  guess  f o r  P i . e .  Pv2 would t h e n  be given by Eq. ( A - 4 )  i . e .  
V 
A- 3 
and so f o r t h .  
I n  u s i n g  Eq. (A-4) t o  i t e r a t e  f o r  t h e  s o l u t i o n  f o r  P one must c o n s t a n t l y  check 
t o  make s u r e  t h a t  t h e  n + 1 guess  f o r  P p r e d i c t e d  by Eq. (A-4) s a t i s f i e s  t h e  i n -  
e q u a l i t i e s  i n d i c a t e d  by (A-6). I f  Eq. (A-4)  p r e d i c t s  a va lue  f o r  P which 
i s ,  s a y  g r e a t e r  t han  P t h e n  one must n o t  a c c e p t  t h i s  va lue  f o r  P b u t  
should,  i n s t e a d ,  e v a l u a t e  P from t h e  r e l a t i o n  
V'  
V 
vn + 1 * 
L., vn + 1' 
vn + 1 
* 
- 'vn + 'LW 
'vn + 1 2 
One t h e n  r e t u r n s  t o  Eq. (A-4) t o  e v a l u a t e  P 
vn + 2 '  
S i m i l a r l y ,  i f  Eq. (A-4)  p r e d i c t s  a va lue  f o r  P which i s  less than t h e  lower 
l i m i t  on P . one must t h e n  e v a l u a t e  P from t h e  r e l a t i o n s h i p  vn + 1 
vn + 1 V. 
= 1 / 2  'vn + 1 




(1 - 3) Y 
(1 - 3) V 3 (A- 10) 
I n  p r i n c i p l e ,  t h e  i t e r a t i o n  scheme o u t l i n e d  above f o r  s o l v i n g  Eq. ( 3 4 )  can be 
done by hand, convergence t o  a ve ry  h igh  d e g r e e  of accuracy ( fou r  s i g n i f i c a n t  
f i g u r e s )  b e i n g  ob ta ined  u s u a l l y  i n  t h r e e  t o  f o u r  i t e r a t i o n s .  However, t h e  
a l g e b r a  involved i n  e v a l u a t i n g  Y(P ) and dY(P ) /dp  i s  t e d i o u s ,  and s i n c e  t h e  
i t e r a t i o n  scheme i s  v e r y  e a s y  t o  program f o r  a computer,  t h i s  was done. Fo r  
t h e  convenience of t h e  r e a d e r ,  t h i s  program i s  l i s t e d  on fo l lowing  pages i n  
t h i s  Appendix t o g e t h e r  w i t h  a d e s c r i p t i o n  of  t h e  i n p u t  t o  t h e  program. The 
program i s  w r i t t e n  i n  FORTRAN I V  f o r  a C o n t r o l  Data Corpora t ion  6600 computer.  
V V V 
A- 4 
COMPUTER PROGRAM FOR DETERMINING BUBBLE GROWTH 
A computer program has  been w r i t t e n  f o r  s o l v i n g  t h e  equa t ions  desc r ibed  i n  t h e  
text  us ing  a Newton Raphson Convergence technique .  
An i n p u t  d e s c r i p t i o n ,  l i s t i n g  and example of i n p u t ,  ou tpu t  fo l lows:  
Inpu t  Desc r ip t ion  
Card 1 
T i t l e  
Card 2 












Alphameric d e s c r i p t i o n  of c a s e  t o  be i n v e s t i g a t e d  
Format (1015) 
I t e r a t i o n  l i m i t  - u s u a l l y  set  e q u a l  t o  20. When 
exceeded, i n d i c a t e s  a p o s s i b l e  e r r o r  i n  input .  
Diagnos t ic  c o n t r o l  - when set  e q u a l  t o  1, program 
p r i n t s  number of  i t e r a t i o n  s t e p  and p res su res  
c u r r e n t l y  being used by t h e  Newton Raphson technique .  
Used f o r  debugging purposes.  Usua l ly  set  equa l  t o  0. 
S e t  e q u a l  t o  0 f o r  ano the r  c a s e  t o  fol low.  S e t  e q u a l  
t o  1, i n d i c a t e s  t h e  l a s t  c a s e  w i l l  be  read.  
T o t a l  number of c o e f f i c i e n t s  of v a p o r i z a t i o n s  t o  be 
read .  
S e t  e q u a l  t o  0 f o r  normal use. S e t  e q u a l - t o  1 i f  
i n t e r e s t  i s  on ly  i n  t h e  maximum valuf !  of R,. 
a s  program determines a dec rease  i n  R T  it  w i l l  procede 
t o  t h e  next  se t  of cond i t ions .  I f  more accuracy  i s  
d e s i r e d ,  r e s u b m i t t a l  i s  r e q u i r e d  w i t h  f i n e r  increments  
around t h e  maximum Rv a t t a i n e d .  
A s  soon 
Format (8E10.3) 
Ambient p r e s s u r e  of l i q u i d  ( P J ,  u n i t s  - l b / i n  
Ambient tempera ture  of  l i q u i d  (T-), u n i t s  - R 
S a t u r a t i o n  tempera ture  of l i q u i d  corresponding t o  P 










S p e c i f i c  hea t  of l i q u i d  cor responding  t o  T. ( C  ), 
Densi y of l i q u i d  cor responding  t o  T. 
l b / i n  
u n i t s  - BTU/(lb OR) a l p  
( p L ) ,  u n i t s  - 5 
Sur face  t e n s i o n  cor responding  t o  T ~ (o), u n i t s  - 
l b / i n  m 
S a t u r a t i o n  p r e s s u r e  of l i q u i d  corresponding t o  T 
m 
PLSTAR 
(PL*), u n i t s  - l b / i n  2 





Dens i ty  of vapor  cor responding  t o  TeD ( p V ) $  u n i t s  
l b / i n  
Gas c o n s t a n t  o f  vapor ,  u n i t s  - in/'R 
F i r s t  v a l u e  of c o e f f i c i e n t  of  v a p o r i z a t i o n  
Convergence l i m i t  ( u s u a l l y  e 001) 
3 
Card 6(a + MORER = 1) Format ( 3 E 1 0 . 3 ~ 5 )  
Rv/Ro (RR = Radius R a t i o  = 







I n i t i a l  v a l u e  of R /R 
F i n a l  v a l u e  of Rv/Ro 
I ncrement 
S e t  e q u a l  t o  0 i n d i c a t e s  ano the r  set t o  follow. S e t  
e q u a l  t o  1 i n d i c a t e s  t h e  l a s t  se t  i s  being read.  Th i s  
parameter  a l lows  t h e  program t o  b u i l d  a n  a r r a y  of R / R  
i n  unequal i n t e r v a l s  by us ing  sets of e q u a l  i n t e r v a l s .  
v o  
0 
Ex e RRI RRF RINC MORER 
2, 10, 1. 0 
20. 100 e 10. 0 
200. 1000. 100. 1 
Format (8E10.3) 
A d d i t i o n a l  v a l u e s  of t h e  c o e f f i c i e n t  of vapor i za t ion .  





1 WATER H V / H O  VS dVb91 
20 0 1 4 
1 r47  579e5 579.69 
8eb00E-06 l e  €303372 lo26 e e426E-03 1,687 40 505E-02 
2c837E-06 1025, 1 0  . o o 1  
2 u  1 0 ,  1, 
20 * 100. 10, 1 
e 1  .01 10, 
A- 18 
WATER H V / H O  \IS RVDOT 
*** AMBIENT CONDITIONS *** 
TEMPEHATURE SATUt-!ATLON 
PRk3SURE O F  TEMPEkATUHE 
(LtJ / IN**L)  ( D f i G - R )  (DEG-H 1 
LIQUID AT AMBoPHESS 
le47 lJOE+00 5e7YSOE+02 5 e 7 4 6 9 E + 0 2  
*** L I Q U I D  *** 
PHYSICAL PHOPERTIES 
THEHHAL SPECIFIC DEhSITY LATENT HEAT SURFACE SATURATION 
CONDUCTIVITY HEAT VAPOHIZATIOh TENSION PkEssuRE 
(gTU/R-IN-SEC) (RTLJ/L t$- t2 )  (Lt3/111"*3) (BTU/Li3) (Ld/ I N )  (LB/ IN**2)  
8m6000E-06 l e 0 0 0 0 € + 0 0  3 e 5 7 2 O i - 0 2  l e O 2 6 0 E + 0 3  4c26OOk-04 le6870E+OO 
900 VAPOR 999 
PHYSICAL PHOPERTIES 
DENSITY GAS I N I T I A L  
A T  AMB-TkkP CONSTANT SUBbL€ HADe 
( L H /  1N**3) ( I N / R )  ( I N )  
2sY370E-06 1 * 0 2 5 0 E + 0 3  3eYir63E-03 
A - 1 1  
RAD I US 
R A T I O  
COEFFICIENT OF VAPORIZATION = l c O E + 0 0  
CWANGE VAPOK VAPOH R A T E  OF 
eADIUS PRESSUKE R V  Cli4NGE I N  RAD. 
( C M )  ( L Y /  I W Q 2  1 (CWSEC)  
l o 5 3 5 1 E + 0 0  
1 61 16E + O O -  
l e 5 9 6 d t + 0 0  
1s3547E+00 
1*57S4E+OO 
l . j 6 7 6 ~ + 0 0  
1.3,bUYt+00 
1 e 3 3 5 0 t  + O G  
1.>998E+Od 
le9177i?+OO 
1 . 9 0 2 1 t + O O  
1 e4431t  + U G  





1 e 4 7 6 8 t + 0 0  




4 e 9 2 5 1 € + 0 1  
4 r 9 0 6 1 € + 0 1  
4 r H 5 3 8 E + 0 1  
4 .7827€+01 
4 s 7 0 0 8 E + O l  
3aal3sRE+U1 
3 c 1 4 3 4 E + 0 l  
L e 6 4 0 YE + 0 1 
2 * 2 6 3 8 k + 0 1  
l c 9 7 4 2 E + 0 1  
1.7460€+01 
l e 5 6 2 7 E + 0 1  
1e4130E+01 
l e 2 6 8 3 E + 0 1  
6e4986E-02 
4 8 1 &4E- 0 2 
4e0288E-02 
3eSS7bE-02 
3 r 2 3 9 3 E - 0 2  
3a0073E-02 
2e329bE-02 
2 . 6 t m ~ - 0 2  
2.5729E-82 
2 e 0 1 76E-02 
1 a t 3 1  75E-02 
1 e 7 1  72E-02 






















1 * 0 0 0 0 E + 0 1  
2 * 0 0 0 0 E + 0 1  
3 e 0 0 0 OF. + 0 1 
4 e 0 0 0 0 E + 0 1  
5 * 0 0 0 0 E + 0 1  
6 e 0 0 0 0 E + 0 1  




COEFFICIENT OF V A P O R I Z A T I O N  = leOE-01 
VAPOP VAPOR HATE OF CHANGE 
HADIUS PHES5UHE H V  CHANGE 1N HADe 
(CUI (Ld / I IU**2)  (CM/SEC) 
2 e L 8 1 0 E + O l  
3cZO30t i+01 
3*59SHE+l) l  




3 e 7 9 6 1 E + 0 1 
3e7463E+Ol  
3*1311E+O1 
2 e 6 2 7 1 E + 0 1  
2 * 2 4 8 3 E + 0 1  
1.958RE+01 
1 e 7 3 1 7 E + 0 1  
lm5499E+01 
l e 4 0 1 4 E + 0 1  
l c 2 7 8 1 E + 0 1  
l e 1 7 4 3 t + 0 1  
CHANGE 
(DEG-R 1 









2 * 5 9 0 0 E + 0 0  
3 e 2952E+00 
3e6684E+00 
3 ~ 9 0 1 1 E + O O  
40059SE+00 
4 0 1 7 3 1 E + 0 0  
4e2584E+00 
4 0 3 2 4 4 € + 0 0  
4o3770E+00 















2 Q 37 0 9E- 0 f 
2e9787E-02 
3e6545E-02 
4 0 3 9 8 9 E - 0 2  
5e2121E-02 
A- 13 
RAD I U S  
RATIO 
COEFFICIENT 3F VAPORIZATION = 1*OE-02 
VAPOR VAPOU HATE OF CHANGE 
R A D I U S  PHESSUHE RW CHANGE I N  WAD. 
( C M )  ( L B / I N * * 2 )  (CM/SEC) 
1 a 6 1 0 2 t + 0 0  
l c S 7 1 7 E + 0 0  
l o 5 4 9 6 k + 0 0  
1.93355k+OO 
1e5257E+00 
1 e b l 8 3 E + O O  
l e 3 1 3 1 E + 0 0  
1.50bSE+00 




l o + 7 8 Z t + 0 0  
l e 4 7 4 4 E + 0 0  
1 e 4 ? 5 W + 0 0  
l e 4 f 5 2 E + 0 0  
1 i414eE +00 
l e + 7 4 2 E + 0 0  
1eS871E-01 























9 ~ 7 5 3 5 E - 0 1  
l e 0 8 9 5 E + 0 0  
l * l H 8 9 E + 0 0  
1e2775E+00 





2 * 7 1 9 2 E + 0 0  
2 ~ 8 7 5 ' 3 E + 0 0  
3 * 0 0 7 S E + 0 0  
3 0 1 2 0 1 E + 0 0  
3.2180€+00 





















RAD I us 
R A T I O  
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A INTRODUCTION 
I n t e r e s t  i n  vapor f i l m  l u b r i c a t i o n  h a s  been spur red  on by new t e c h n o l o g i c a l  re -  
quirements ,  e .g . ,  steam cooled n u c l e a r  power p l a n t s ,  and by t h e  o v e r a l l  p o t e n t i a l  
advan tages  o f  u s i n g  steam i n s t e a d  o f  conven t iona l  o i l  l u b r i c a t i o n  i n  r o t a t i n g  
Rankine c y c l e  machinery. 
a r e  r e i t e r a t e d  from t h e  r e f e r e n c e s  g iven  i n  P a r t s  I and I1 of t h i s  r e p o r t .  They 
inc lude :  
Some of t h e  advantages t o  be gained by steam l u b r i c a t i o n  
1. E l i m i n a t i o n  of a s e p a r a t e  l u b e  o i l  system w i t h  a s s o c i a t e d  pumps, sumps, 
c o o l e r s ,  f i l t e r s ,  c o n t r o l s  and p i p i n g .  
2 .  E l i m i n a t i o n  of b e a r i n g  o i l  s e a l s  w i t h  p o t e n t i a l  g a i n s  i n  r e l i a b i l i t y ,  
s i m p l i c i t y  and reduced a x i a l  l e n g t h  of t h e  machine, Exhaust steam 
from t h e  b e a r i n g s  can  be vented d i r e c t l y  i n t o  t h e  machine c a s i n g .  
3 .  Opera t ion  of t h e  b e a r i n g s  a t  o r  c l o s e  t o  t h e  t u r b i n e  temperature  t h u s  
s h a r p l y  r educ ing  temperature  g r a d i e n t s  w i t h i n  t h e  machine. 
4 .  Reduct ion o f  contaminat ion and f i r e  haza rds  
5 .  P o t e n t i a l  r e d u c t i o n  i n  machinery s i z e ,  weight  and c o s t .  
T h i s  i n v e s t i g a t i o n  was supported by t h e  Atomic Energy Commission f o r  t h e  purpose 
o f  deve lop ing  a n a l y t i c a l  methods t o  p r e d i c t  t h e  s t a t i c  and dynamic behaviour  of 
vapor l u b r i c a t i o n  f i l m s  w i t h  p a r t i c u l a r  emphasis g iven  t o  steam l u b r i c a t e d  b e a r i n g s .  
E a r l i e r  steam l u b r i c a t i o n  s t u d i e s  showed t h a t  t h e  p re sence  of condensate  i n  a vapor 
l u b r i c a t i o n  f i l m  i s  c r i t i c a l  t o  b e a r i n g  performance. Thus a theo ry  and model f o r  
two-phase f i l m  l u b r i c a t i o n  was needed. To t h e s e  purposes  a g e n e r a l  t heo ry  f o r  two- 
phase Reynolds '  f i l m  flow h a s  been developed.  T h i s  a n a l y s i s  d e s c r i b e s  t h e  s t a t i c  
and dynamic behaviour  of a d i s p e r s e d  two-phase f i l m  f low i n c l u d i n g  t h e  e f f e c t s  o f  
a change of phase .  
I n  p a r t  I t h e  g e n e r a l  two-phase f i l m  flow e q u a t i o n  i s  ob ta ined .  This  e q u a t i o n  i s  
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e x a c t l y  t h e  same a s  t h e  g e n e r a l  non-condensible gas l u b r i c a t i o n  e q u a t i o n  w i t h  the  
excep t ion  of a vapor s i n k  o r  a vapor sou rce  term which accoun t s  f o r  t h e  e f f e c t  of 
a phase change. It i s  shown t h a t  t h e  flow of a s a t u r a t e d  vapor l u b r i c a t i o n  f i l m  
depends on two d imens ion le s s  numbers:: t h e  s t anda rd  S t r o u h a l  number S, and t h e  
phase change number N. 
s a t u r a t e d  vapor f i l m  should resemble those  o f  a non-condensible g a s  f i l m .  Con- 
v e r s e l y ,  f o r  l a r g e  v a l u e s  of t h i s  r a t i o  a s i g n i f i c a n t  d i f f e r e n c e  i s  t o  be expected.  
When t h e  r a t i o  N/S i s  s m a l l ,  t h e  c h a r a c t e r i s t i c s  of a 
I n  P a r t  I1 a non-equ i l ib r ium two-phase l u b r i c a t i o n  f i l m  model i s  developed.  From 
t h i s  model t h e  c o n s t i t u t i v e  e q u a t i o n  of condensa t ion  and/or  evapora t ion  i s  ob ta ined  
and combined w i t h i n  t h e  framework of t h e  g e n e r a l  two-phase Reynolds '  e q u a t i o n  ob- 
t a i n e d  i n  P a r t  I .  The c o n s t i t u t i v e  equa t ion  must be s p e c i f i e d  t o  o b t a i n  a complete 
s e t  of e q u a t i o n s  f o r  t h e  f i l m  p r e s s u r e  p r o f i l e s  and flow r a t e s .  
As a f i r s t  s t e p  toward s o l v i n g  t h e  g e n e r a l  two-phase l u b r i c a t i o n  e q u a t i o n s ,  t h e  
s t e a d y  s t a t e ,  one-dimensional e v a p o r a t i v e  f i l m  was ana lyzed .  T h i s  s imple  b e a r i n g  
f i l m  geometry c a n  a l s o  be used t o  s y n t h e s i z e  e x t e r n a l l y  p r e s s u r i z e d  s team j o u r n a l  
b e a r i n g  c o n f i g u r a t i o n s .  The r e s u l t s  of t h e  a n a l y s i s  show t h e  major thermo-hydro- 
dynamic pa rame te r s  of wet vapor b e a r i n g s  and t h e  i n f l u e n c e  t h e s e  pa rame te r s ,  such 
a s  t h e  i n l e t  mo i s tu re  f r a c t i o n ,  t h e  l i q u i d - d r o p l e t  Weber number, t h e  evapora t ion  
r e l a x a t i o n  c o n s t a n t  have on t h e  f i l m  p r e s s u r e  and flow r a t e .  
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B .  Part  I: The Field Equations f o r  Two Phase Reynolds  
Film Flow w i t h  a Change o f  Phase 
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1. INTRODUCTION 
The importance of condensa t ion  and evapora t ion  p r o c e s s e s  i n  t r a d i t i o n a l  d r y i n g ,  
d i s t i l l a t i o n  and Rankine Cycle  power systems i s  w e l l  known. However, more re- 
c e n t l y ,  it h a s  been shown, R e f s .  [1> 2 ,  3 J p t h a t  t h e s e  phenomena a r e  c r i t i c a l  
t o  p r o c e s s  f l u i d  l u b r i c a t i o n  concep t s  using s a t u r a t e d  vapor s .  
The systems where such advanced l u b r i c a t i o n  concep t s  a r e  beirlg cons ide red  i n c l u d e  
s t a t i o n a r y  power p l a n t s ,  shipboard machinery, remote o p e r a t i n g  underwater,  s u r -  
f a c e  and space power p l a n t s ,  e t c .  Some s p e c i f i c  a p p l i c a t i o n  f o r  s a t u r a t e d  vapor 
l u b r i c a t i o n  a r e  p r e s s u r i z e d  and s e l f - a c t i n g  steam b e a r i n g s  f o r  s t a t i o n a r y  and 
mobile power p l a n t  machinery, also s e a l s  f o r  s a t u r a t e d  vapor and/or  l i q u i d  i n  
feed pumps and t u r b o  machinery.  The working f l u i d s  of i n t e r e s t  a r e  w a t e r ,  o rgan ic  
compounds and l i q u i d  m e t a l s .  
The p receden t  f o r  s a t u r a t e d  vapor l u b r i c a t i o n  h a s  been e s t a b l i s h e d  by t h e  r a t h e r  
w e l l  developed g a s  (non-condensible) l u b r i c a t i o n  technology,  
The growth of t h i s  technology and i t s  impetus c e n t e r e d  upon t h e  development of a 
r e a l i s t i c  and r e l i a b l e  l u b r i c a t i o n  theo ry  f o r  p r e d i c t i n g  b e a r i n g  and s e a l s  pe r -  
formance. T h i s  t heo ry  and a p p l i c a t i o n s  evolved from t h e  w e l l  known Reynolds '  
l u b r i c a t i o n  e q u a t i o n  extended t o  i n c l u d e ' t h e  e f f e c t s  of c o m p r e s s i b i l i t y ,  Ref 4 
I n  g e n e r a l ,  t h e  agreement between t h e o r e t i c a l  p r e d i c t i o n  based on t h i s  e q u a t i o n ,  
and experimental  d a t a  f o r  g a s  (non-condensible) l u b r i c a n t  has  been s a t i s f a c t o r y .  
R e f s .  [ 4  - 9 1  
However, experiments  o f  R e f s  . 
shown t h a t  t h e  p re sence  of a r e l a t i v e l y  sinall amount of condensate  i n  a l u b r i c a -  
t i o n  f i l m  can cause  s i g n i f i c a n t  changes i n  t h e  l u b r i c a t i o n  f i l m  p r e s s u r e  p r o f i l e  
and dynamics. These changes could E have been p r e d i c t e d  by a n a l y s e s  based on 
Reynolds e q u a t i o n  f o r  g a s  (non-condensi.ble) l u b r i c a n t s .  
1, 1 0 3  wi th  s a t u r a t e d  vapor l u b r i c a n t s ,  have 
What i s  r e q u i r e d  t h e r e f o r e  i s  a n  extended l u b r i c a t i o n  theo ry  f o r  two-phase, vapor- 
l i q u i d  mix tu res  which a c c o u n t s  f o r  t h e  e f f e c t s  of a change of phase .  Such a theo ry  
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and fo rmula t ion  should be a p p l i c a b l e  t o  bo th  s t a t i c  and dynamic a n a l y s e s .  
T h i s  r e p o r t  h a s  two purposes:  
F i r s t ,  t o  p r e s e n t  a g e n e r a l  fo rmula t ion  which d e s c r i b e s  t h e  dynamic behavior  of 
two-phase, vapor - l iqu id  f low of l u b r i c a t i o n  f i l m s ,  and second, t o  d e r i v e  an  equa- 
t i o n  e q u i v a l e n t  t o  Reynolds equa t ion ,  which t a k e s  however, i n t o  account  t h e  e f f e c t s  
o f  evapora t ion  and/or  condensa t ion -  
I n t u i t i v e l y  i t  could be expected t h a t  t h e  fo rma t ion  of a condensate  a c t s  a s  a 
vapor s i n k  whereas t h e  e v a p o r a t i o n  a c t s  a s  a vapor sou rce  i n  t h e  l u b r i c a n t  f i l m  
f low.  Th i s  indeed i s  t h e  c a s e  as Shawn by t h e  e q u a t i o n  d e r i v e d  i n  t h i s  r e p o r t :  
t h e  p r o c e s s e s  of condensa t ion  and/or  evapora t ion  a r e  accounted f o r  by a n e t  s i n k  
and /o r  sou rce  term i n  a two-phase, Reynolds l u b r i c a t i o n  f i l m  f low.  
The r e s u l t s  d e r i v e d  i n  t h i s  r e p o r t  c l e a r l y  demonstrate  t h a t  t h e  e f f e c t s  of t h e  
vapor s i n k  and /o r  of t h e  vapor sou rce  t e r m  can become of primary importance i n  
de t e rmin ing  t h e  s t a t i c  and dynamic c h a r a c t e r i s t i c s  of s a t u r a t e d  vapor bea r ings . ,  
The g e n e r a l  fo rmula t ion  and a n a l y s i s  p re sen ted  h e r e i n  i s  of p a r t i c u l a r  i n t e r e s t  
because i t  can  be r e a d i l y  a p p l i e d  t o  t h e  impor t an t  c o n d i t i o n s  of thermodynamic 
non-equ i l ib r ium between t h e  vapor and t h e  l i q u i d  phase.  
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2 .  FORMULATION 
The p h y s i c a l  system t o  be analyzed c o n s i s t s  of a vapor e i t h e r  s l i g h t l y  super-  
hea t ed  or  a t  s a t u r a t i o n  w i t h  e n t r a i n e d  d r o p l e t s  f lowing between two s o l i d  s u r -  
f a c e s .  Depending on o p e r a t i n g  c o n d i t i o n s ,  t h e s e  d r o p l e t s  can undergo evapora t ion  
and/or  condensa t ion .  
s t a r t  e v a p o r a t i n g  a s  t h e  p r e s s u r e  d rops  a l o n g  t h e  channe l .  S i m i l a r l y ,  d r o p l e t  
n u c l e a t i o n  and a t t e n d a n t  vapor condensa t ion  can  t a k e  p l a c e  i n  f lows having t i m e  
and /o r  s p a t i a l l y  v a r i a b l e  c l e a r a n c e s .  
Fo r  example, w i t h  t h e  vapor w e t  a t  t he  i n l e t ,  d r o p l e t s  may 
C l e a r l y ,  i f  t h e  t empera tu re  o f  t h e  s o l i d  s u r f a c e  i s  below s a t u r a t i o n ,  t h e  vapor 
w i l l  condense on t h e  w a l l  forming a l i q u i d  f i l m .  Th i s  a s p e c t  o f  t h e  problem, 
i . e .  s e p a r a t e d  two-phase f low,  i s  however n o t  cons ide red  i n  t h i s  r e p o r t .  It i s  
assumed h e r e  t h a t  t h e  t empera tu res  o f  boundary s u r f a c e s  a r e  above o r  a t  s a t u r a -  
t i o n  t empera tu re .  S ince  t h e  evapora t ing  o r  condensing d r o p l e t s  a r e  d i s p e r s e d  
i n  t h e  vapor phase,  w e  a r e  c o n s i d e r i n g  h e r e  a problem of d i s p e r s e d ,  two-phase 
f low i n  thermodynamic non-equi l ibr ium. 
2 . 2  Assumptions and t h e  GoverninP Set  of Equa t ions  
I n  o r d e r  t o  fo rmula t e  t h e  problem w e  s h a l l  make t h e  following assumptions: 
1) The vapor phase behaves e s s e n t i a l l y  a s  a p e r f e c t  g a s .  
2) The d e n s i t y  of t h e  l i q u i d  i s  c o n s t a n t .  
3) The e f f e c t s  of d r o p l e t s  i s  t o  change t h e  d e n s i t y  o f  t h e  mix tu re .  
4 )  The e f f e c t  of d r o p l e t  c o n c e n t r a t i o n  on t h e  v i s c o s i t y  o f  t h e  mix tu re  
i s  n e g l e c t e d .  
5) The e f f e c t  of t h e  r e l a t i v e  v e l o c i t y  between t h e  two-phases i s  n e g l e c t e d ,  
i . e . ,  t h e  flow of t h e  mix tu re  i s  assumed t o  be homogeneous. 
6 )  The energy e q u a t i o n  can  be decoupled from t h e  momentum and t h e  con t inu -  
i t y  e q u a t i o n s .  
These assumptions and t h e i r  v a l i d i t y  a r e  cons ide red  and d i s c u s s e d  i n  more d e t a i l  
i n  t h e  append ices  t o  t h i s  r e p o r t .  S u f f i c e  t o  s a y  h e r e  t h a t  t h e  f i r s t  and t h e  
l a s t  assumption a r e  customary i n  g a s  b e a r i n g  a n a l y s e s  and have been examined a l -  
r eady  i n  t h e  l i t e r a t u r e  (see f o r  exampleg R e f .  [7]>. 
I n  view of these assumptions and fo l lowing  R e f s .  [ll. 12) 
l a t e d  i n  terms of t h r e e  f i e l d  equa t ions  and t h r e e  c o n s t i t u t i v e  e q u a t i o n s .  The 
t h e  problem i s  formu- 
three f i e l d  e q u a t i o n s  a r e :  
The c o n t i n u i t y  e a u a t i o n  f o r  the mixture:  
+ d i v  (p;) = 0 
4 
where p and v a r e  t h e  d e n s i t y  and t h e  v e l o c i t y  of t h e  m i x t u r e .  
The equa t ion  o f  motion of t h e  mixture:  
p = - grad P + p If + ( P  8 v )  grad ( d i v  ;)D t  
where i n  view o f  t h e  f o u r t h  assumption,  p i s  t h e  v i s c o s i t y  of t h e  vapor and A 
i s  t h e  bu lk  v i s c o s i t y .  We n o t e  t h a t  because o f  t h e  f i f t h  assumption t h e  d r i f t  
stress t e n s o r ,  R e f .  [123, which accoun t s  f o r  t h e  e f f e c t  of t h e  r e l a t i v e  v e l o c i t y  
between t h e  vapor  and l i q u i d  phase,  does n o t  appear  i n  Eq. ( 2 ) .  The magnitude 
o f  t h i s  term i s  eva lua ted  i n  Appendix B f o r  t h e  f low regime analyzed i n  t h i s  pape r .  
The t h i r d  f i e l d  e q u a t i o n  i s  t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  l i q u i d , w h i c h  a s  a 
consequence of t h e  f i f t h  assumption,  can  be w r i t t e n  as*: 
*Note t h a t  t h e  homogeneous f low assumption i m p l i e s  t h a t  t h e  v e l o c i t i e s  of t h e  
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  
l i q u i d ,  of t h e  vapor and of t h e  mix tu re ,  a r e  a l l  e q u a l .  
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d i v  (pc;) = rf (3) 
where c i s  the  mass c o n c e n t r a t i o n  of t h e  l i q u i d  and where t h e  sou rce  term r 
t h e  mass r a t e  o f  l i q u i d  fo rma t ion  p e r  u n i t  volume. 
i s  f ’  
The t h r e e  c o n s t i t u t i v e  e q u a t i o n s  which a r e  needed t o  completely d e f i n e  t h e  prob- 
l e m  a r e :  
The thermal  e q u a t i o n  o f  s t a t e  f o r  t h e  mixture:  
1-c C + -  1 - = -  
P P g  P f  
(4  1 
where P and P a r e  t h e  d e n s i t i e s  o f  t h e  vapor and of t h e  l i q u i d .  g f 
The thermal  e q u a t i o n  of s t a t e  f o r  t h e  vapor ,  which i n  view o f  t h e  f i r s t  assumption,  
i s  g iven  by: 
P 
(5) 
We n o t e  t h a t  t h e  thermal  e q u a t i o n  o f  s t a t e  f o r  t h e  l i q u i d  does n o t  appear  s i n c e  
acco rd ing  t o  t h e  second assumption, pf i n  E q .  ( 4 )  i s  a c o n s t a n t .  
The f i n a l  e q u a t i o n  i s  t h e  c o n s t i t u t i v e  e q u a t i o n  of condens ta ion  o r  of evapora t ion :  
which s p e c i f i e s  t h e  mass r a t e  of l i q u i d  fo rma t ion  o r  d i sappea rance  p e r  u n i t  
volume. It depends on t h e  r a t e  of d r o p l e t  n u c l e a t i o n  a s  w e l l  a s  on d r o p l e t  con- 
d e n s a t i o n  and/or  e v a p o r a t i o n .  The s i g n i f i c a n c e  o f  t h i s  c o n s t i t u t i v e  e q u a t i o n  i n  
non-equi l ibr ium two-phase f low i s  d i s c u s s e d  i n  more d e t a i l  i n  Ref [ 113 . It i s  
shown t h e r e  t h a t  t h e  c o n s t i t u t i v e  e q u a t i o n  of v a p o r i z a t i o n  and/or  of condensa t ion  
p l a y s  a pr imary r o l e  i n  de t e rmin ing  t h e  deg ree  of thermal  non-equi l ibr ium. 
It can  be seen  from t h e  fo rego ing  t h a t  t h e  problem i s  formulated i n  terms of s i x  
v a r i a b l e s :  
by Eq. (1) through Eq.(6) .  
i n g  problem i s  formulated i n  terms o f  t h r e e  e q u a t i o n s ,  i . e . ,  Eqs.( l ) , (2)and(5) , the 
p re sence  of d r o p l e t s  i n  vapor - l iqu id  two-phase b e a r i n g s  r e q u i r e s  t h r e e  a d d i t i o n a l  
e q u a t i o n s ,  i . e . ,  Eq. ( 3 ) ,  ( 4 )  and (6) ,  i n  o r d e r  t o  p h y s i c a l l y  d e s c r i b e  t h e  prob- 
l e m  a s  w e l l  a s  t o  d e f i n e  i t  ma themat i ca l ly .  
-.) 
p s  v ,  P, c ,  pg, rf which a r e  d e f i n e d  by s ix  independent e q u a t i o n s ,  i . e .  
It i s  o f  i n t e r e s t  t o  n o t e  h e r e  t h a t  whereas a gas  bear-  
2.3 Dimensionless Groups and Equat ions 
I n  o r d e r  t o  e x p r e s s  t h e  governing s e t  of e q u a t i o n s  i n  a d imens ion le s s  form w e  
s h a l l  use t h e  s t a n d a r d  approach of g a s  b e a r i n g  a n a l y s e s  ( see  f o r  example Ref .  [73> 
expanding i t  however t o  t a k e  i n t o  account  t h e  e f f e c t  of phase change. 
Consider  a t h i n  vapor f i l m  bounded by a p l a n e  a t  y = 0 which may move o n l y  i n  t h e  
x and z d i r e c t i o n s ,  and a s u r f a c e  y = h ( x , y , z , t ) .  
a c t e r i s t i c  l e n g t h s  i n  t h e  normal and l a t e r a l  d i r e c t i o n s ,  t h e  " th in  f i lm"  approx- 
ima t ion  i m p l i e s  t h a t  
Denoting by ho and L t h e  cha r -  
€ < < 1  0 
h 
L 
- =  
- 3  I n  g a s  b e a r i n g  problems t h i s  r a t i o  i s  of t h e  o r d e r  of E -10 
Fol lowing t h e  s t a n d a r d  approach of g a s  b e a r i n g  a n a l y s e s  w e  s h a l l  d e f i n e  t h e  f o l -  




) v* = - w* = - 
V' V 
W U u* = - 
h m  
where V i s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  f o r  t h e  l a t e r a l  motion; i s  t h e  ambient ,  
i . e . ,  r e f e r e n c e  d e n s i t y ,  and 'J) i s  t h e  r e l e v a n t  t i m e  s c a l e  of t h e  motion; f o r  
example i f  t h e  s u r f a c e  y = h ( x , y , z , t )  i s  o s c i l l a t i n g  i n  t h e  v e r t i c a l  d i r e c t i o n  
0) i s  t h e  frequency.  
'a -1 
The c o n t i n u i t y  e q u a t i o n  f o r  t h e  mixture ,  E q .  (l), can be expressed i n  a dimension- 
less form by means of t h e  r e l a t i o n  above, t h u s  
where S i s  t h e  S t r o u h a l  number d e f i n e d  by 
S i m i l a r l y ,  t h e  e q u a t i o n  of motion, i . e .  E q .  (2) c a n  be c a s t  i n  a d imens ion le s s  
form, t h u s  t h e  x component becomes: 
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"3 + R e €  u* auJz x* + w* 
aY* 
where,  fo l lowing  t h e  customary d e f i n i t i o n s  (see f o r  example Ref 
I1 squeeze" Reynolds number Re i s  g iven  by: 
s 9  
R e  = 
S P 
and t h e  Reynolds number R e ,  by: 
- -  PaVho 
Re P 
I n  most gas  b e a r i n g  a p p l i c a t i o n s ,  R e f s .  c 4  - 8 3 ,  t h e  groups R e  and €Re a r e  
sma l l  whereas t h e  S t r o u h a l  number i s  of t h e  o r d e r  of u n i t y .  For example, 
R e  - 0.05, ER u l o m 3  . l o2  = and S-. 1. Consequently,  i t  f o l l o w s  
from Eq. ( 1 4 )  t h a t  f o r  t h e  " t h i n  f i lm"  approximation t h e  x component of t h e  
e q u a t i o n  of motion can  be reduced to :  
S 
S e 
2 2 2 . a  
2 S- CL 
+ O ( E R e ,  R e  E S, E , E -) = -  a2 u* 
aY* 
ax* 
Using s i m i l a r  arguments i t  c a n  be shown, R e f s .  4 - 9) t h a t  t h e  o t h e r  two com- 
ponen t s ,  i . e . ,  t h e  y and z components r educe  to :  
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2 f 3  2 S t ,  E S - , E S R e  c2  Re 2 - 
P S' S 
app( = 0 9 0  
aY* 
and 
2 2 2 8  E R e ,  R e  E S ,  E E e-=& 
aZ* az*2 S 9  CI 
F i n a l l y ,  t h e  c o n t i n u i t y  equa t ion  f o r  t h e  l i q u i d ,  Eq. (3 ) ,  can be expressed i n  
d imens ion le s s  form, t h u s  
where S i s  t h e  S t r o u h e l  number de f ined  by Eq. (13) ,  and N i s  t h e  p h a s e  change 
number, given by 
N = -  
V 'a 
Before proceeding f u r t h e r  w i t h  t h e  a n a l y s i s ,  i t  i s  d e s i r a b l e  t o  e l u c i d a t e  t h e  
meaning of t h i s  d imens ion le s s  group. 
a t o r  of Eq. (21),  by t h e  c r o s s  s e c t i o n a l  a r e a  A ,  of t h e  f i l m  we o b t a i n  
Mul t ip ly ing  t h e  numerator and t h e  denomin- 
S i n c e  LA i s  t h e  s c a l e  o f  t h e  f i l m  volume, t h e  numerator of Eq. (22), d e n o t e s  t h e  
mass r a t e  of l i q u i d  fo rma t ion  by condensa t ion (o r  d i sappea rance  by evapora t ion )  
i n  the vapor f i l m ,  whereas t h e  denominator r e p r e s e n t s  the  t o t a l  mass f low r a t e  
through t h e  f i l m .  
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It can be seen  from t h e  fo rego ing  t h a t  t h e  dynamic c h a r a c t e r i s t i c s  of s a t u r a t e d  
vapor bea r ings  depend on f o u r  d imens ionless  groups: 
b e r ,  Eq. (15); t h e  Reynolds number, Eq. (16);  t h e  S t r o u h a l  number, Eq. (13);  
and t h e  phase change number Eq. (21) .  
t h e  “squeezen Reynolds num- 
Whereas t h e  f i r s t  t h r e e  groups appear  a l s o  i n  gas  (non-condensible) l u b r i c a t i o n  
problems, t h e  l a s t  one appea r s  on ly  i n  two-phase flow bea r ing  problems where i t  
was in t roduced  through t h e  c o n t i n u i t y  equa t ion  f o r  t h e  l i q u i d .  The importance 
of  t h e  phase change number a s  a s c a l i n g  parameter ,  i s  d i scussed  f u r t h e r  i n  sec-  
t i o n  4 of t h i s  r e p o r t .  We s h a l l  proceed now w i t h  t h e  d e r i v a t i o n  of t h e  governing 
equa t ion .  
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3 .  DERIVATION OF THE EQUATION 
It was noted i n  R e f .  
of s h e l l  t heo ry ,  s i n c e  t h e  t h i c k n e s s  of t h e  f i l m  i s  much s m a l l e r  t han  i t s  l a t e r a l  
dimensions.  Consequently,  t h e  dependence upon one of t h e  t h r e e  s p a t i a l  v a r i a b l e s  
c a n  be e l i m i n a t e d  from t h e  hydrodynamic e q u a t i o n s .  T h i s  o b s e r v a t i o n  i s  used i n  
d e r i v i n g  t h e  Reynolds equa t ion ,  upon which t h e  e n t i r e  gas l u b r i c a t i o n  technology 
i s  based.  I n  p a r t i c u l a r ,  t h e  c o n t i n u i t y  e q u a t i o n  i s  i n t e g r a t e d  a c r o s s  t h e  f i l m  
and t h e  Navies-Stokes e q u a t i o n  i s  used t o  e v a l u a t e  t h e  q u a n t i t i e s  appea r ing  a s  
i n t e g r a n d s .  
9 3 t h a t  t h e  l u b r i c a t i o n  theo ry  i s  t h e  hydrodynamic ana log  
The same approach can  be used i n  d e r i v i n g  t h e  governing e q u a t i o n  f o r  two-phase 
l u b r i c a n t  f i l m s .  However, a s  t h e  d e n s i t y  o f  t h e  mix tu re  depends on t h e  concen- 
t r a t i o n  ( s e e  Eq. ( 4 ) ) ,  t h e  e q u a t i o n  which i s  ob ta ined  from t h e  e q u a t i o n  of motion 
and t h e  i n t e g r a t e d  c o n t i n u i t y  e q u a t i o n  i s  a f u n c t i o n  of c o n c e n t r a t i o n .  T h i s  
f u n c t i o n a l  dependence can be e l imina ted  by means of t h e  i n t e g r a t e d  c o n t i n u i t y  
e q u a t i o n  f o r  t h e  l i q u i d .  The r e s u l t s  y i e l d  the  governing equa t ion  f o r  d i s p e r s e d ,  
two-phase l u b r i c a t i o n  f i l m  f low i n  which t h e  phase change number N, appea r s  a s  a 
s i n k  o r  a s o u r c e  t e r m .  
I n  o r d e r  t o  i n t e g r a t e  t h e  e q u a t i o n  i t  i s  necessa ry  t o  d e f i n e  t h e  boundary con- 
d i t i o n s .  Fol lowing t h e  s t anda rd  approach i n  l u b r i c a t i o n  a n a l y s e s ,  t h e s e  w i l l  
be t aken  as: 
v* = 0 
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h whereas a t  y* = - = h*: 
ho 
v* = v; 
w* = w;: 
and (251 
The l a s t  e q u a t i o n  i s  a kinematic  c o n d i t i o n  which s ta tes  t h a t  a f l u i d  p a r t i c l e  
a t  t h e  s u r f a c e  y* = h*(x*,z*,t*), moves w i t h  t h e  same v e l o c i t y  of t h e  s u r f a c e .  
With t h e s e  boundary c o n d i t i o n s ,  t h e  i n t e g r a t i o n  of the c o n t i n u i t y  e q u a t i o n  f o r  
t h e  mix tu re ,  i . e . ,  of Eq. (l),  a c r o s s  t h e  f i l m  t h i c k n e s s  y i e l d s :  
h* hJc 
R e c a l l i n g  t h a t  
and i n  view of t h e  boundary c o n d i t i o n s ,  i . e . ,  of Eqs.  (24)and (25) t h e  c o n t i n u i t y  
e q u a t i o n  f o r  t h e  mix tu re ,  Eq. (26), can  be expressed a s  
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Following t h e  same procedure w e  can  i n t e g r a t e  t h e  c o n t i n u i t y  e q u a t i o n  f o r  t h e  
l i q u i d ,  Eq. (20), a c r o s s  t h e  f i l m  and o b t a i n :  
h* h* 
M dye 1 where N i s  averaged ove r  t h e  f i l m  t h i c k n e s s  so t h a t  (M) e q u a l s  - h* 
We s h a l l  examine now t h e  i n t e g r a l s  i n  t h e s e  two e q u a t i o n s .  
The d e n s i t y  o f  t h e  mix tu re  p* which appea r s  i n  Eq+ (28)  and Eq. (29) i s  given by 
t h e  c o n s t i t u t i v e  e q u a t i o n  o f  s t a t e  f o r  t h e  mix tu re ,  9 q .  ( 4 ) ,  t h w  
1 1-c C - = -  * + -  
P* pg Pf* 
For most problems of p r a c t i c a l  i n t e r e s t  t h e  mass c o n c e n t r a t i o n  i s  much s m a l l e r  
t h a n  u n i t y ,  whereas t h e  d e n s i t y  of t h e  l i q u i d  i s  c o n s i d e r a b l y  l a r g e r  t han  t h a t  
of t h e  vapor .  Consequently,  Eq. (30) can  be approximated by 
P *  
p* = -g_ 
1-c 
which w i l l  be v a l i d  a s  long as: 
The d e n s i t y  of t h e  vapor p * i n  Eq. $30) and Eq. (31) i s  s p e c i f i e d  by t h e  thermal  
g 
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e q u a t i o n  of s t a t e ,  expressed h e r e  by t h e  p e r f e c t  g a s  law, Eq. (5). It i s  s t a n d -  
a r d  procedure i n  gas  l u b r i c a t i o n  a n a l y s e s  t o  n e g l e c t  t h e  temperature  v a r i a t i o n  
a c r o s s  t h e  g a s  f i l m .  Furthermore,  i n  view o f  Eq. (18), t h e  p r e s s u r e  i s  assumed 
t o  be c o n s t a n t  a c r o s s  t h i s  f i l m .  It f o l l o w s  then  from t h e  equa t ion  o f  s t a t e  t h a t  
t h e  g a s  d e n s i t y  does n o t  va ry  i n  t h e  yJr d i r e c t i o n .  S i m i l a r  arguments can  be ad- 
vanced i n  t h e  p r e s e n t  problem., Consequently,  a s  a f i r s t  approximation,  t h e  den- 
s i t y  of t h e  vapor p i n  Eq. (31) ,  w i l l  be c o n s t a n t  a c r o s s  t h e  vapor f i l m .  
g 
With t h i s  approximation,  t h e  s u b s t i t u t i o n  of Eq. (31) i n  Eq. (28) and Eq. (29) 
l e a d s  to :  
and 
By s u b t r a c t i n g  Eq. ( 3 4 )  from Eq. (33) we o b t a i n :  
The i n t e g r a n d s  i n  t h i s  e q u a t i o n  can be eva lua ted  once t h e  v e l o c i t i e s  u* and w-SS 
a r e  determined from t h e  e q u a t i o n  of motion and t h e  a p p r o p r i a t e  boundary c o n d i t i o n s .  
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For  t h e  problem under c o n s i d e r a t i o n ,  t h e  t h r e e  components of t h e  Navier-Stokes 
e q u a t i o n  reduce t o  Eq. (17), (18) and (19), whereas t h e  boundary c o n d i t i o n s  a r e  
g iven  by Eqs.(23) , (24)  and(25) .  Then i t  c a n  be e a s i l y  shown, R e f s .  
t h a t  t h e  two l a t e r a l  components of t h e  v e l o c i t y  a r e  g iven  by: 
and 
S u b s t i t u t i n g  t h e s e  two e q u a t i o n s  i n  Eq. (35),  and upon e v a l u a t i n g  t h e  i n t e g r a l s  
we o b t a i n :  
which f o r  a p e r f e c t  g a s  and i s o t h e r m a l  p r o c e s s ,  s educes  to:  
h * P  (WE +. WE) - h9c3 P-BC (39) 
Eq. (381, i . e . ,  Eq. (39) i s  t h e  govesn inv  e q u a t i o n  f o r  d i spe r sed , ,  two-phase lub-  
r i c a t i o n  f i l m  f low.  
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4 DISCUSSIOM 
By examining Eq. (38 ) ,  i t  can  be seen  t h a t  t h e  governing equa t ion  f o r  d i s p e r s e d ,  
two phase l u b r i c a t i o n  f i l m  f low d i f f e r s  from t h e  s t a n d a r d  Reynolds e q u a t i o n  by t h e  
p re sence  o f  a s i n k  o r  s o u r c e  term on t h e  s i g h t  hand s i d e .  S ince  t h i s  t e r m  r e p r e -  
s e n t s  t h e  on ly  d i f f e r e n c e ,  i t  i s  d e s i r a b l e  to ana lyze  i t  i n  more d e t a i l .  
As was a l r e a d y  noted i n  S e c t i o n  1, i t  could be expected i n t u i t i v e l y  t h a t  t h e  f o r -  
mation o f  condensate  a c t s  a s  a vapor s i n k  i n  t h e  l u b r i c a t i o n  f i l m  f low,  whereas 
t h e  evapora t ion  a c t s  a s  a vapor s o u r c e ,  T h i s  o b s e r v a t i o n  i s  indeed supported by, 
and expressed i n ,  q u a n t i t a t i v e  form i n  Eq. (38). The s i n k  o r  sou rce  term which 
a p p e a r s  on t h e  r i g h t  hand s i d e  of Eq., ( 3 8 ) ,  depends on t h e  d imens ion le s s  f i l m  
t h i c k n e s s  and on t h e  phase change number, which i s  a f u n c t i o n  of t he  l i q u i d  sou rce  
rf , see Eq.(2 1) and Eq.(3) 
r i a t e  c o n s t i t u t i v e  e q u a t i o n  of condensa t ion  and/or  evapora t ion ,  Eq. ( 6 ) ,  which i n  
g e n e r a l  depends on a p a r t i c u l a r  two phase f low regime, R e f s .  [ll, 131 . 
The s t r e n g t h  o f  t h i s  sou rce  i s  s p e c i f i e d  by an approp- 
The flow regimes of i n t e r e s t  t o  t h e  p r e s e n t  problem a r e  t h e  d i s p e r s e d  d r o p l e t  con- 
dens ing  and e v a p o r a t i n g  f lows .  For  condensing f lows,  t h e  l i q u i d  s o u r c e  depends 
on t h e  r a t e s  o f  d r o p l e t  nuc lea t io r .  and vapor condensa t ion  on t h e s e  d r o p l e t s .  For 
e v a p o r a t i n g  f lows ,  depends on t h e  d r o p l e t  number d e n s i t y ,  s i z e  d i s t r i b u t i o n  and 
r a t e  of evapora t ion ,  R e f .  E l l ]  
condensa t ion  and/or  e v a p o r a t i o n  i s  a s t r o n g  f u n c t i o n  of t h e  vapor s a t u r a t i o n  p res -  
s u r e .  
f 
f 
I n  e i t h e r  c a s e  t h e  C o n s t i t u t i v e  e q u a t i o n  o f  
For condensing f lows,  t h e  l i q u i d  sou rce  in Eq. (3) i s  p o s i t i v e ,  It  f o l l o w s  
f 
t h e n  from Eq. (21),  t h a t  t h e  phase change number N i s  a l s o  p o s i t i v e .  Consequently 
f o r  condensing f lows,  t h e  term on t h e  r i g h t  hand s i d e  o f  t h e  governing equa t ion ,  
Eq. (381, a c t s  a s  a vapor s i n k ,  s i n c e  i t  h a s  a n e g a t i v e  s i g n .  Conversely,  f o r  
e v a p o r a t i n g  flows and t h e r e f o r e  N a r e  c e g a t i v e ;  t h e  r i g h t  hand s i d e  of Eq. (38) 
becomes then  p o s i t i v e  and a c t s  a s  a vapor s o u r c e .  I n  absence of condensa t ion  o r  




Reynolds e q u a t i o n  f o r  g a s  (non-condensible) f i l m  f low.  
It i s  w e l l  known t h a t  t h e  r a t e s  of d r o p l e t  n u c l e a t i o n ,  condensa t ion  and evapor- 
a t i o n  a r e  s t r o n g  f u n c t i o n s  of t h e  vapor p r e s s u r e .  S i n c e  t h e  phase change number 
N, depends on t h e s e  p r o c e s s e s  i t  can be expected t h a t  t h e  r i g h t  hand s i d e  o f  Eq. 
(39) w i l l  be a a t r o q g f u n c t i o n  o f  vapor p r e s s u r e  among o t h e r s .  
o r  bo th  P* and h* o s c i l l a t e ,  t h e  r i g h t  hand s i d e  of Eq. (39) w i l l  become a pu l -  
s a t i n g  source  o r  s i n k .  C l e a r l y ,  such a p u l s a t i n g  source  or  s i n k  w i l l  have a 
s i g n i f i c a n t  e f f e c t  on t h e  dynamic c h a r a c t e r i s t i c s  of t h e  vapor f i l m .  S ince  t h i s  
term does n o t  appea r  i n  t h e  Reynolds e q u a t i o n  f o r  g a s  (non condens ib l e )  f i l m s ,  i t  
i s  n o t  s u r p r i s i n g  t h a t  t h i s  l a t t e r  e q u a t i o n  was n o t  adequate  i n  d e s c r i b i n g  and 
p r e d i c t i n g  t h e  observed behavior  of s a t u r a t e d  vapor b e a r i n g s .  It i s  of i n t e r e s t  
t o  n o t e  i n  c l o s i n g  t h a t  even f o r  a c o n s t a n t  phase change numter N ,  t h e  r i g h t  hand 
s i d e  of E q .  (39) can  have t h e  e f f e c t  of a p u l s a t i n g  s o u r c e  o r  s i n k  because of i t s  
dependence upon t h i s  f i l m  t h i c k n e s s  h*. 
Thus, i f  e i t h e r  
4.2 S c a l i n P  C r i t e r i a  
When p lann ing  expe r imen ta l  i n v e s t i g a t i o n s  o r  c o n s i d e r i n g  d e s i g n  a l t e r n a t i v e s  i t  
i s  d e s i r a b l e  t o  have a v a i l a b l e  c r i t e r i a  which can be used t o  s c a l e  
p r o c e s s  of an  e n g i n e e r i n g  system. I n  t h i s  s e c t i o n  we s h a l l  d i s c u s s  t h e  r o l e  of 
t h e  phase change number N a s  a s c a l i n g  c r i t e r i o n .  
a p h y s i c a l  
It was noted i n  S e c t i o n  2 t h a t  N r e p r e s e n t s , t h e  r a t i o  o f  t h e  n e t  l i q u i d  formation 
i n  t h e  vapor f i l m  t o  t h e  t o t a l  vapor - l iqu id  mass f low r a t e  through t h e  f i l m .  It 
i s  i n s t r u c t i v e  t o  expres s  t h i s  number also i n  terms of t h e  two c h a r a c t e r i s t i c  time 
c o n s t a n t s  o f  t h e  p rocess :  t h e  t r a n s i t  t i m e  T and t h e  c h a r a c t e r i s t i c  f requency of 
phase change a, R e f s .  
We observe t h a t  t h e  r a t i o  L/V i n  Eq. (21) i s  a f l u i d  p a r t i c l e  t r a n s i t ,  i . e .  res i -  
dence t i m e  T, t h u s  
- -  L T   
V 
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whereas t h e  r a t i o  r / p  
evapora t ion )  Q, i . e.  
i s  t h e  c h a r a c t e r i s t i c  f requency  of condensa t ion  ( o r  of 
f a  
- n  - -  
pa 
which s c a l e s  t h e  r a t e  of phase change R e f s .  [12> 14, 15 1 e 
number can  be expressed  then  a l s o  a s  t h e  product  of t h e  p a r t i c l e  r e s i d e n c e  time 
T and t h e  c h a r a c t e r i s t i c  f requence  of phase change 0 ,  t h u s  
The phase change 
N 
It can -e expected t h e r e f o r e ,  t..at t h e  e q u a l i t y  of t h e  phase change number N, 
i n  two d i f f e r e n t  systems w i l l  ensu re  t h a t  t h e  phase change has  progressed  e q u a l l y  
i n  both.  I f  t h i s  c o n d i t i o n  i s  n o t  s a t i s f i e d ,  t h e  dynamic c o n d i t i o n s  of t h e  two 
systems w i l l  n o t  be s i m i l a r ,  s i n c e  t h e  phase change i n  one would have progressed  
f u r t h e r  than i n  t h e  o t h e r .  
We no te  t h a t  t h e  phase change number expressed  a s  a product  of the  c h a r a c t e r i s t i c  
frequency of phase change and the  p a r t i c l e  r e s i d e n c e  t ime,  i s  of a form s i m i l a r  
t o  t h e  Damkohler f i r s t  group, Re f .  [16] 
s i m i l a r i t y  c r i t e r i a  used i n  s e a l i n g  chemical r e a c t o r s  a s  w e l l  a s  j e t  and r o c k e t  
eng ines ,  Re f .  e It i s  r e c a l l e d  h e r e  t h a t  Damkohler f i r s t  group i s  de- 
f i n e d  a s  t h e  product  of t h e  p a r t i c l e  r e s i d e n c e  t ime and the  chemical r e a c t i o n  
f requency  f o r  r e a c t i n g  gases  o r  f o r  r e a c t i n g  l i q u i d s .  
served t h a t  i n  two phase flow problems w i t h  a change of phase,  t h e  c h a r a c t e r i s t i c  
f requency  of evapora t ion  SZ, has  t h e  same meaning a s  t h e  r e a c t i o n  f requency  i n  
chemica l ly  r e a c t i n g  g a s e s .  It can be expected t h e r e f o r e  t h a t  i n  two phase flow 
systems w i t h  a change of phase,  t h e  phase change number N, w i l l  p l a y  t h e  same 
r o l e  a s  Damkohler f i r s t  group i n  chemica l ly  r e a c t i n g  systems. 
I 1  
which i s  one of the  most impor tan t  
I I  
I n  Ref e [12 - 151 we ob- 
S I  
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The governing equa t ion ,  Eq. ( 3 9 ) ,  i n d i c a t e s  t h a t  the  s t a t i c  and dynamic c h a r a c t e r -  
i s t i c s  of d i s p e r s e d  two phase l u b r i c a t i o n  f i l m  flow depends on = d imens ion le s s  
groups: t h e  phase change number N given by Eq. (21), i . e .  Eq. ( 4 2 ) ,  and t h e  
S t r o u h a l  number, Eq. (13) ,  which i n  view of Eq. (40), can  be expressed  a l s o  a s  
s = UT ( 4 3 )  
Since  t h e  e f f e c t  of a phase change appear  on ly  i n  the  phase change number N, i t  
c a n  be expected t h a t  t h e  r a t i o  
- = -  N n
S CD (44)  
will r e f l e c t  t h e  importance of condensa t ion  o r  of evapora t ion  on the  dynamics of 
s a t u r a t e d  vapor b e a r i n g s .  For very  small  va lues  of t h i s  r a t i o ,  t h e  dynamic cha r -  
a c t e r i s t i c s  of a vapor b e a r i n g  should be s i m i l a r  t o  t h a t  of a gas (non-condensible) 
b e a r i n g .  Whereas f o r  l a r g e  v a l u e s ,  a s i g n i f i c a n t  d i f f e r e n c e  should be expec ted .  
By d e f i n i t i o n ,  t h e  phase change number, Eq. (13) depends on t h e  c o n s t i t u t i v e  equa- 
t i o n  of condensa t ion  o r  evapora t ion ,  Eq. (61 ,  a p p r o p r i a t e  t o  t h e  p a r t i c u l a r  flow 
regime. 
evapora t ion  o r  condensa t ion  a r e  n o t  known f o r  some flow regimes and o n l y  i n  a 
rudimentary  manner f o r  o t h e r s .  It was s t r e s s e d  t h e r e f o r e  i n  Ref .  (111 , t h a t  the  
d e t e r m i n a t i o n  of t h e s e  c o n s t i t u t i v e  e q u a t i o n s  and t h e i r  exper imenta l  v e r i f i c a t i o n  
should c o n s t i t u t e  t h e  primary o b j e c t i v e  of f u t u r e  i n v e s t i g a t i o n s .  Th i s  i s  pa r -  
t i c u l a r l y  t r u e  f o r  l i q u i d  meta l  systems which a r e  c h a r a c t e r i z e d  by a h igh  degree  
of thermal non-equi l ibr ium.  
It was noted i n  Ref e (111 t h a t  a t  p r e s e n t  t h e  c o n s t i t u t i v e  equa t ion  of 
The c o n s t i t u t i v e  equa t ion  of condensa t ion  and evapora t ion  f o r  l u b r i c a t i o n  f i l m  
flow a r e  p r e s e n t l y  under i n v e s t i g a t i o n .  P a s t  I1 of t h i s  repor t .  deve lops  t h e  con- 
s t i t u t i v e  equa t ion  f o r  e v a p o r a t i v e  f i l m  f low.  However, i t  can be s t a t e d  a l r e a d y  
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t h a t  depending on t h e  form of such a c o n s t i t u t i v e  equa t ion ,  t h e  governing equa- 
t i o n  f o r  d i s p e r s e d  two phase l u b r i c a t i o n  f i l m  f low,  Eq. ( 3 9 ) ,  p r e d i c t s  d i f f e r e n t  
s t a t i c  and dynamic c h a r a c t e r i s t i c s  of s a t u r a t e d  vapor b e a r i n g s .  
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5.  CONCLUSIONS 
1) The governing e q u a t i o n  h a s  been d e r i v e d  f o r  d i s p e r s e d ,  two-phase l u b r i c a t i o n  
f i l m  f low.  It can  be used t o  p r e d i c t  bo th  t h e  s t a t i c  and t h e  dynamic cha r -  
a c t e r i s t i c s  of s a t u r a t e d  vapor b e a r i n g s .  
2) It was shown t h a t  t h e  p r o c e s s e s  of condensa t ion  and/or  evapora t ion  a r e  ac-  
counted by a d imens ion le s s  phase change number N, which appea r s  r e s p e c t i v e l y  
a s  a vapor s i n k  o r  a vapor sou rce  i n  t,he governing equa t ion .  When t h i s  number 
i s  ze ro ,  t h e  e q u a t i o n  r educes  t o  t h e  s t anda rd  Reynolds equa t ion  f o r  g a s  (non- 
condens ib l e )  l u b r i c a t i o n  f i l m  f low.  
3) The e f f e c t  o f  t h i s  s o u r c e  o r  s i n k  term on t h e  s t a t i c  and dynamic c h a r a c t e r -  
i s t i c s  o f  t h e  vapor f i l m  were d i s c u s s e d .  It was concluded t h a t  t h i s  e f f e c t  
can  become t h e  dominant when t h e  s i n k  o r  s o u r c e  p u l s a t e s .  
4 )  It was shown t h a t  t h e  f low of a s a t u r a t e d  vapor l u b r i c a t i o n  f i l m  depends on 
two d imens ion le s s  numbers: t h e  s t anda rd  S t souha l  number S, and t h e  phase 
change number N o  The s i g n i f i c a n c e  of t h e  l a t t e r  number a s  a s c a l i n g  c r i t e r -  
i o n  was d i s c u s s e d .  It was shown t h a t  when t h e  r a t i o  N/S i s  s m a l l ,  t h e  cha r -  
a c t e r i s t i c s  of a s a t u r a t e d  vapor f i l m  should resemble those  of a g a s  (non- 
condens ib l e )  f i l m .  Conversely,  f o r  l a r g e  v a l u e s  o f  t h i s  r a t i o  a s i g n i f i c a n t  
d i f f e r e n c e  i s  t o  be expec ted ,  
5) I n  t h e  development of t h e  vapor l u b r i c a t i o n  technology i t  can be expected 
t h a t  t h e  governing e q u a t i o n  Eq. (38), i . e .  Eq. (39)  d e s c r i b e d  i n  t h i s  r e p o r t  
w i l l  p l a y  a r o l e  s i m i l a r  t o  t h a t  which t h e  Reynolds e q u a t i o n  h a s  played i n  
t h e  development o f  t h e  g a s  (non-condensible) l u b r i c a t i o n  technology.  
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NOMENCLATURE 
U n i t s  M,L,T,8 
2 
= Mass c o n c e n t r a t i o n  of t h e  l i q u i d [ - ]  
A = Cross s e c t i o n a l  a r e a  of t h e  f i l m [  L 3 
C 
h = Fi lm t h i c k n e s s  [L] 
L 
N = Phase change number, Eq. (21) o r  Eq. (42) 
P 
= C h a r a c t e r i s t i c  l e n g t h  i n  t h e  l a t e r a l  d i r e c t i o n  [L] 
= Film:. p r e s s u r e  [M L -l f21 
R e  
qr 
Re 
t = TimeCT]  
S = S t r o u h o l  number, Eq. (13) o r  Eq. (43) [-] 
U = x component of t h e  v e l o c i t y  [LT-l]  
Uh,Uo = The x component of t h e  v e l o c i t y  eva lua ted  a t  y = h and y = 0, [L  T 
V = y component of t h e  v e l o c i t y C L  T - l ]  
V = Refe rence  v e l o c i t y  i n  t h e  l a t e r a l  d i r e c t i o n  [L T-' 1 
W = z component of t h e  v e l o c i t y  [L T-'] 
Wh,Wo 
= 
= 'Squeeze" Reynolds number, Eq. (15) ,  [ -1 
= Gas c o n s t a n t  [L2 T-2 e-1] 
= Reynolds number, Eq. (16),  [-I 
S 
T I = Temperatupei[OJ, -. d '
-1 
-1 
The z component of t h e  v e l o c i t y  eva lua ted  a t  y = h and y = 0 ,  [L T ] 









= Volumetric.  l i q u i d t g h a s e .  sou rce  g e n e r a t i o n  r a t e  [ML-3 T-' 3 
= h / L r - 7  0. b - ~-
= Densi ty  of t h e  vapor - l iqu id  mix tu re ,  
P - 2 7  
= Vapor d e n s i t y  L M  L-"J 
= Liquid dens i ty[M L-3) 
= Ambient d e n s i t y  
= Bulk v i s c o s i t y  of t h e  vapo 
Vapor v i s c o s i t y  
= P a r t i c l e  t r a n s i  
sz = Characteristic frequency of phase change, Eq. (41) 
u) = Frequency of oscillation T -1 
Superscript: * denotes dimensionless quantities 
Subscript: o denotes reference values 
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APPENDIX 
The E f f e c t  of Concen t r a t ion  on t h e  V i s c o s i t y  
There a r e  s e v e r a l  methods and equa t ions  which have been proposed f o r  e v a l u a t i n g  
t h e  e f f e c t  of t h e  c o n c e n t r a t i o n  on t h e  v i s c o s i t y  p of t h e  mix tu re .  Among them 
perhaps  t h e  b e s t  known i s  t h a t  of E i n s t e i n ,  Ref .  
m' 
19) , given  by: 
= '(1 + 2 . 5  cl> 'm 
where p is t h e  v i s c o s i t y  of t h e  cont inuous  phase and a: i s  t h e  volumetr ic  concen- 
t r a t i o n .  The assumption used i n  d e r i v i n g  t h i s  equa t ion  l i m i t s  i t s  v a l i d i t y  t o  
a: < 0 .05 .  For h ighe r  v a l u e s  of a3 Roscoe, R e f .  [20] and Brinkman, R e f .  [21] , 
have proposed t h e  fo l lowing  r e l a t i o n :  
(A-2)  
I n  t h e  p r e s e n t  a n a l y s i s  t h e  e f f e c t  of c o n c e n t r a t i o n  on t h e  v i s c o s i t y  was n e g l e c t e d ,  
i . e . ,  i t  was assumed t h a t  p = p .  I n  o r d e r  t o  demonst ra te  t h e  v a l i d i t y  of t h i s  
assumption w e  s h a l l  exp res s  t h e  volumetr ic  c o n c e n t r a t i o n  as by means of t h e  mass 
c o n c e n t r a t i o n  c ,  t h u s  
m 
Q: p f =  C P  
whence i n  view of  Eq. (31),  we o b t a i n  
(A-3) 
(A-4 )  
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It i s  evident that  i n  the present problem, Q: i s  very much smaller than unity,  
j u s t i f y i n g  i t s  omission from E q .  (A -1 ) -  
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APPENDIX B 
The E f f e c t  of t h e  D r i f t  S t r e s s  Tensor 
When t h e  equa t ion  of motion of t h e  two phase mixture  i s  expressed  i n  terms of t h e  
c e n t e r  of mass, t h e  e f f e c t  of t h e  r e l a t i v e  v e l o c i t y  between t h e  two phases  appea r s  
a s  a d r i f t  s t r e s s  t e n s o r ,  Re f .  
t e n s o r  was omi t ted  from t h e  equa t ion  of motion. I n  o r d e r  t o  show t h a t  t h i s  omis- 
s i o n  was p e r m i s s i b l e ,  w e  s h a l l  e v a l u a t e  t h e  X component of t h i s  term which i s  g iven ,  
1 2 1  . I n  t h e  p r e s e n t  problem t h i s  d r i f t  s t r e s s  
R e f .  (121 by 
2 
I- = (1-c) cp ur xx 
which i n  view of Eq. (31), can  be reduced t o  
D -  2 
7 - C P g  ur xx 
The r e l a t i v e  v e l o c i t y  u between t h e  vapor and l i q u i d  d r o p l e t s  i s  de f ined  by r’ 
ug - Uf u =  r 03-31 
It can  be determine1 
s t r eam w i t h  a p r e s s u r e  g r a d i e n t .  Neg lec t ing  t h e  e f f e c t s  of v i r t u a l  mass and of 
a c c e l e r a t i o n  on t h e  d r a g ,  t h e  equa t ion  of motion f o r  t h e  laminar ,  i . e .  S tokes  
flow regime i s  g iven  by: 
from t h e  equa t ion  of motion of a d r o p l e t  l oca t ed  i n  a vapor 
B - 3 5  
where r i s  t h e  r a d i u s  of t h e  d r o p l e t .  
The s c a l e  of t h e  r e l a t i v e  v e l o c i t y  can  be e a s i l y  eva lua ted  by c o n s i d e r i n g  a flow 
w i t h  c o n s t a n t  l i q u i d  v e l o c i t y ,  f o r  which Eq. (B-4) r educes  to:  
We i n t r o d u c e  now t h e  d imens ion le s s  r e l a t i v e  v e l o c i t y  u * def ined  by r 
U r u *  = -
r II 
where TJ i s  t h e  s c a l e  of t h e  r e l a t i v e  motion, t o  be determined from Eq. ( B - 5 ) .  
S u b s t i t u t i n g  .Eq.(B-6) i n  Eq. (B-5)  and r e c a l l i n g  t h a t  t h e  p r e s s u r e  and t h e  X 
c o o r d i n a t e  a r e  sca l ed  by Eq. (9) and Eq. (8), we o b t a i n  t h e  d imens ion le s s  form 
of Eq. ( B - 5 ) . ,  i . e . ,  
S ince  t h e  d imens ion le s s  p r e s s u r e  g r a d i e n t  and t h e  d imens ionless  r e l a t i v e  v e l o c i t y  
a r e  of t h e  same o r d e r  of magnitude, t h e  s c a l e  of t h e  r e l a t i v e  v e l o c i t y  must be 
g iven  by 




Consider ing  even a l a r g e  d r o p l e t  w i t h  a d i ame te r  equa l  t o  say h / 2 ,  Eq. (B-8)  
i n d i c a t e s  t h a t  t h e  v e l o c i t y  r a t i o  i s  s t i l l  n e g l i g i b l y  sma l l ,  i.e., equa l  t o  1 / 7 2 .  
0 
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Since  t h e  r e l a t i v e  v e l o c i t y  i s  s m a l l e r  (by approximate ly  two o r d e r s  of magnitude) 
t h a n  t h e  l a t e r a l  v e l o c i t y ,  Eq. (B-2) i n d i c a t e s  t h a t  i n  t h e  p r e s e n t  problem, i t  
was p e r m i s s i b l e  t o  n e g l e c t  t h e  e f f e c t  of t h e  d r i f t  stress t e n s o r ,  i . e * ,  of t h e  
r e l a t i v e  v e l o c i t y .  
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APPENDIX c 
It i s  shown (see  f o r  example Ref [ 5 ,  7 1  ) t h a t  gas  (non-condensible) l u b r i c a t i o n  
f i l m  f low can  be cons idered  a s  i so the rma l .  Here we want t o  examine under what con- 
d i t i o n  i t  i s  pe rmis s ib l e  t o  n e g l e c t  t h e  e f f e c t s  of  phase change on t h e  en tha lpy  of 
t h e  f i l m .  
Def in ing  by i and i t h e  e n t h a l p i e s  of t h e  vapor and of t h e  l i q u i d  r e s p e c t i v e l y ,  
t h e  en tha lpy  of t h e  mixture  i s  then  g iven  by 
g f 
i = c i  + (1-c) i 
m f g 
o r  
It can  be seen  t h a t  t h e  en tha lpy  of t he  mixture  can  be approximated by t h a t  of 
t h e  vapor a s  long a s  
Consequently a s  long a s  t h i s  i n e q u a l i t y  i s  v a l i d  i t  i s  pe rmis s ib l e  a s  a f i r s t  
approximation,  t o  n e g l e c t  t h e  e f f e c t  of phase change on the  mixture  en tha lpy .  
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C. Part 11: The Constitutive Equation of Evaporation and/or 
Condensation for Mon-Equilibrium Dispersed Film Flow 
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1.1 Steam L u b r i c a t i o n  S t u d i e s  
Condensable-vapor, be ing  a common p rocess  f l u i d ,  h a s  been cons ide red  f o r  l u b r i -  
c a t i n g  s u r f a c e s  r e q u i r i n g  r e l a t i v e  motion w i t h i n  o r  i n  c l o s e  p rox imi ty  t o  a 
condensable-vapor environment.  I n  p a r t i c c l a s ,  steam l u b r i c a t e d  b e a r i n g s  have 
r e c e n t l y  been s t u d i e d  f o r  a p p l i c a t i o n s  1'1 r o t a t i n g  Rankine c y c l e  machinery,  
1, 2 1  These s t u d i e s  showed t h a t  t h e  p re sence  of condensate  i n  t h e  lub- 
r i c a t i o n  f i l m  was c r i t i c a l  t o  t h e  beasir.g performance, T e s t s  of a n  e x t e r n a l l y  
p r e s s u r i z e d  j o u r n a l  b e a r i n g  c o n f i g u r a t i o n ,  R e f s  6 3 ,  4 1  supp l i ed  w i t h  e i t h e r  
s a t u r a t e d  o r  superheated steam demonstrated t h a t ;  
1. A d r y  steam l u b r i c a t i o n  f i l m  w o d d  perform a s  p r e d i c t e d  by t h e  corn- 
p r e s s i b l e  Reynolds '  l u b r i c a t i o o  t h e o r y .  
2 .  A sma l l  mo i s tu re  f r a c t i o n  of condensate  in t rodaced  i n t o  t h e  l u b r i -  
c a t i o n  f i l m  can  c a u s e  a n o t i c e a b l e  p e r t u r b a t i o n  in t h e  d r y  f i l m  
p r e s s u r e  p r o f i l e  and flow r a t e ,  
3 .  The p resence  of condensate  i n  t h e  f i l a  may induce a b e a r i n g  i n s t a b i l -  
i t y  (steam hammer) which would not e x i s t  f o r  a d r y  f i l m  under t h e  
same b e a r i n g  o p e r a t i n g  c o n d i t i o n s  
To understand and c o n t r o l  t h i s  phenomena, a r e a l i s t i c  m d e l  f o r  h i g h  q u a l i t y  
two-phase f i l m  flow i s  r e q u i r e d .  
1 . 2  Dispersed Two-Phase F i l m  Flow Mode?, 
The b a s i c  e lements  o f  t h e  two-phase thermo-hydrodynamic f i l m  flow model a r e :  
1. D e r i v a t i o n  of t h e  two-phase f i e l d  eqliations 
2 .  D e r i v a t i o n  of t h e  c o n s t i t u t i v e  e q m t i o n  of evapora t ion  and/or  condensa t ion ,  
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P a r t  I was concerned w i t h  t h e  f i r s t  a s p e c t  of t h e  two-phase f i l m  f low model, 
P a r t  I1 t h e  second a s p e c t  o f  t h e  model ,which i n  p a r t i c u l a r  assumes:: 
a .  En t r a ined  l i q u i d  d r o p l e t  f low.  
b .  Non-equilibrium d r o p l e t  evaporacion and /o r  con.densation n e g l e c t i n g  
s u r f a c e  energy e f f e c t s ,  i . e .  “ c a p i l l a r y  supe rhea t ing? ‘  i s  assumed t o  
be n e g l i g i b l e  
c .  Moisture  weight  f r a c t i o n s  much less  than  m i t y .  
J u s t i f i c a t i o n  f o r  c o n s i d e r i n g  a l i q u i d - d r o p l e t  f low regime i s  based i n  p a r t  on 
t h e  f a c t  t h a t  t h e  boundar i e s  of t h e  l u b r i c a t i o n  f i l m  were l o c a l l y  superheated i n  
t h e  se r ies  o f  t e s t s  r e p o r t e d  i n  R e f .  4 1  
f i l m  w a l l  condensate  and bu lk  vapor i s  h i g h l y  improbable ,  The condsnsa te ,  when 
p r e s e n t  was c a r r i e d  ove r  from t h e  steam supply i n t o  t h e  b e a r i n g  f i l m  o r  i t  was 
formed i n  t h e  feed supply r e g i o n ,  Ref .[ 5 3  
t h e  form of sma l l  d r o p l e t s .  Typ ica l  Weber numbers p V D /a f o r  t h e  feed 
supp ly  r e g i o n  of e x t e r n a l l y  p r e s s u r i z e d  b e a r i n g s ,  a r e  much g r e a t e r  t h a n  t h e  
c r i t i c a l  v a l u e  (17 ,  R e f .  [6 J 3 f o r  f i l m  s t r i p p i n g .  
Weber number c r i t e r i a ,  Ref 6 7  ]shows t h a t  maximum r a t i o  of t h e  l i q u i d - d r o p l e t  
d i ame te r  and f i l m  c l e a r a n c e  i s  approximately l f 5 ,  see s e c t i o n  ( 3 ) .  There fo re  
i n  accordance w i t h  t h e  r e s u l t s  of Appendix B i n  P a s t  I of t h i s  r e p o r t ,  d r o p l e t s  
o f  t h i s  s ize  range w i l l  be e s s e n t i a l l y  e p t r a i n e d  i n  t h e  vapor f low.  
Thus a s e p a r a t e d  two-phase flow of 
and subsequen t ly  s t r i p p e d  o f f  i n  
2 
g H f 9  
Also t h e  s t ab12  d r o p l e t  
It should be noted t h a t  a superheated vapor f i l m  environment f o r  s team l u b r i c a t e d  
e x t e r n a l l y  p r e s s u r i z e d  b e a r i n g s  i s  t y p i c a l ,  and an  o p e r a t i n g  c o n d i t i o n  which can 
be  r e a d i l y  designed i n t o  p r e s s u r i z e d  vapor b e a r i n g s  due t o  t h e  vapor f i l m  p res -  
s u r e  g r a d i e n t  and t h e  a t t e n d a n t  d rop  i n  t h e  l o c a l  s a t u r a t i o n  t empera tu res .  
The phenomenological a s p e c t s  of a s t e a d y - s t a t e  n sn -equ i l ib r ium d i s p e r s e d  two- 
phase f i l m  f low p r i m a r i l y  invo lve  t h e  e v a p o r a t i o n  of condensate  whi.ch i n  d r o p l e t  
form i s  t r a n s p o r t e d  through t h e  p r e s s u r e  g r a d i e n t  o f  t h e  vapor - l iqu id  mix tu re ,  
and the reby  caused t o  f l a s h  i n t o  vapor .  T h i s  f low regime i s  i l l u s t r a t e d  i n  F i g . 1 .  
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The e v a p o r a t i o n  r a t e  i s  c o n t r o l l e d  by t h e  thermal  d i f f u s i o n  of h e a t  energy t o  t h e  
v a p o r i z i n g  s u r f a c e  of t h e  l i q u i d  d r o p l e t s .  Because of t h e  l a r g e  thermal  conduc- 
t i v i t y  and vo lumet r i c  h e a t  c a p a c i t y  of t h e  l i q u i d  d r o p l e t s  compared t o  t h a t  of t h e  
vapor  phase,  t h e  m a j o r i t y  of t h e  l a t e n t  h e a t  f o r  evapora t ion  i s  supp l i ed  by t h e  
a v a i l a b l e  thermal  energy of t h e  l i q u i d  d r o p l e t s  themselves .  The a v a i l a b l e  thermal  
energy of a d r o p l e t ,  which i s  i n i t i a l l y  i n  thermal  e q u i l i b r i u m  w i t h  i t s  environ-  
ment o r  supe rhea ted ,  i n c r e a s e s  i n  t h e  p re sence  o f  a d e c r e a s i n g  environmental  p r e s -  
s u r e  s i n c e  t h e  l i q u i d  s u p e r h e a t  i n c r e a s e s  w i t h  r e s p e c t  t o  t h e  l o c a l  s a t u r a t i o n  
t empera tu re  o f  t h e  e v a p o r a t i n g  dropllet  s u r f a c e ,  
Due t o  t h e  d r o p l e t  evapora t ion  t h e  s p e c i f i c  volume of t h e  vapor - l iqu id  mix tu re  
i n c r e a s e s  i n  t h e  d i r e c t i o n  o f  t h e  f low. .  T h i s  s t e e p e n s  t h e  f i l m  p r e s s u r e  g r a d i e n t  
which f u r t h e r  i n c r e a s e s  t h e  s p e c i f i c  mix tu re  volume. The fo rmula t ion  of t h i s  
complex r e g e n e r a t i v e  p r o c e s s  i s  g r e a t l y  s i m p l i f i e d  by t h e  f a c t  t h a t  t h e  evapora- 
t i o n  p rocess  i s  i n s e n s i t i v e  t o  t h e  vapor phase bu lk  temperature  l e v e l ,  Th i s  
i n s e n s i t i v i t y  a s  p r e v i o u s l y  no ted ,  and a s  shown i n  F i g .  I ,  i s  a consequence of 
t h e  sma l l  vapor - l iqu id  i n t e r f a c e  h e a t  f l u x  r a t i o .  
I n  g e n e r a l ,  dynamic f i l m  f low e f f e c t s  car! l e a d  t o  condensat ion of t h e  vapor phase 
on t h e  e n t r a i n e d  l i q u i d  d r o p l e t s .  T h i s  o c c u r s  i f  t h e  l o c a l  f i l m  p r e s s u r e  i s  per-  
t u rbed  such t h a t  i t  exceeds t h e  i n i t a l  s a t u r a t i o n  p r e s s u r e  of t h e  d r o p l e t s  a t  t h e  
f i l m  i n l e t .  I n  t h e  c a s e  of p r e s s u r i z e d  vapor b e a r i n g s  t h e  f i l m  p r e s s u r e  under 
dynamic c o n d i t i o n s  does  n o t  exceed t h e  b e a r i n g  supply p r e s s u r e .  The t empera tu re  
o f  t h e  l i q u i d  d r o p l e t  condensate  in t roduced  i n t o  t h e  f i l m ,  u s u a l l y ,  see S e c t i o n  
(3 ) ,  e q u a l s  t h e  supply s a t u r a t i o n  t empera tu re  which i s  t h e r e f o r e  never  exceeded 
i n  dynamic o r  s t e a d y  s t a t e  f i l m  flow.. Th i s  i m p l i e s  t h a t  evapora t ion  e f f e c t s  
dominate bo th  t h e  s t a t i c  and dynamic behavior  of p r e s s u r i z e d  w e t  vapor b e a r i n g s .  
It should a l s o  be noted t h a t  t h e  non-equi l ibr ium model f o r  t h e  c o n s t i t u t i v e  
e q u a t i o n  of evapora t ion  and /o r  condensat ion does n o t  i n c l u d e  condensate  n u c l e a t i o n  
which r e q u i r e s  l o c a l  s u p e r s a t u r a t i o n  of t h e  vapor phase and depends tipon s u r f a c e  
energy e f f e c t s .  Ex tens ive  s t u d i e s  o f  n u c l e a t i o n  phenomena i n  s u p e r s a t u r a t e d  vapor 
f low have been amply r e p o r t e d  i n  t h e  l i t e r a t u r e ,  e . g .  R e f .  I n  Ref .  
i t  i s  a l s o  shown t h a t  " c a p i l l a r y  supe rhea t ing"  of condensate  d r o p l e t s  i s  s i g n i f i -  
c a n t  on ly  f o r  v e r y  sma l l  d r o p l e t s ,  R < 10 i n .  The p r e s e n t  model f o r  t h e  -5  
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c o n s t i t u t i v e  e q u a t i o n  of evapora t ion  and/or  condensa t ion  w i l l  be extended t o  
i n c l u d e  condensate  n u c l e a t i o n  and " c a p i l l a r y  superheat inga '  i n  a f u t u r e  p u b l i -  
ca t i o n .  
The purpose o f  t h i s  a n a l y s i s  i s  t o  develop a g e n e r a l  c o n s t i t u t i v e  e q u a t i o n  f o r  
evapora t ion  and/or  condensa t ion  i n  a (non-nucleat ing)  two-phase vapor f i l m  f low.  
The a n a l y s i s  combined w i t h  t h e  r e s u l t s  of P a r t  I then  complete t h e  g e n e r a l i z e d  
d i s p e r s e d  two-phase f i l m  l u b r i c a t i o n  e q u a t i o n .  
T h i s  two-phase Reynolds l u b r i c a t i o n  e q u a t i o n  which i s  a p p l i c a b l e  f o r  both dynamic 
and s t a t i c  f i l m  f lows i s  t h e n  s p e c i a l i z e d  t o  c o n s i d e r  t h e  s t e a d y - s t a t e  e v a p o r a t i v e  
s t r i p  f i l m  f low.  Th i s  l a t t e r  a n a l y s i s  c l e a r l y  shows t h e  major thermo-hydrodynamic 
pa rame te r s  f o r  vapor b e a r i n g s  and t h e  i n f l u e n c e  t h e s e  parameters ,  such a s  t h e  i n l e t  
mo i s tu re  f r a c t i o n ,  t h e  r a t i o  of t h e  f i l m  r e s i d e n c e  and d r o p l e t  evapora t ion  t ime, 
and t h e  i n i t i a l  d r o p l e t  s u p e r h e a t i n g  have upon a n  e v a p o r a t i v e  two-phase f i l m  f low.  
A l s o  t h e  i m p l i c a t i o n s  of t h i s  a n a l y s i s  on t h e  dynamic behaviour of vapor b e a r i n g s  
a r e  d i s c u s s e d .  
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2 .  ANALYSIS 
The unique parameter  i n  t h e  g e n e r a l  two-phase Reynolds’ e q u a t i o n  a s  ob ta ined  i n  
P a r t  I, i s  t h e  n e t  vo lumet r i c  l i q u i d  mass formation r a t e ,  . Consider  t h e r e f o r e  
a d i s p e r s e d  two-phase f l u i d  element o f  mass m which c o n t a i n s  N l i q u i d  d r o p l e t s  
e n t r a i n e d  i n  t h e  vapor phase and f lowing i n  a t h i n  f i l m .  The assumption of a n  
e n t r a i n e d  d r o p l e t  f low,  i m p l i e s  sma l l  d r o p l e t s  which have a s h o r t  i n e r t i a l  r e l a x -  
a t i o n  time c o n s t a n t .  Under t h e s e  f low c o n d i t i o n s ,  secondary d r o p l e t  fo rma t ion ,  
due t o  c o l l i s i o n s  and s h e a r  f r a c t u r e ,  i s  n e g l i g i b l e  so t h a t  t h e  d r o p l e t  number 
d e n s i t y  i n  a f l u i d  element ,  n = N/m, remains c o n s t a n t  w i t h  t i m e ,  and t h e r e f o r e  
and s i n c e  t h e  d e n s i t y  of t h e  mix tu re  p ,  f o r  mass c o n c e n t r a t i o n s  c << 1 i s  approx- 
ima te ly  p / l - c 9  r from Equat ion (1) i s  g iven  a s  g f 
Equa t ions  (1) and (2) assume t h a t  t h e  l i q u i d  d r o p l e t  d e n s i t y  p i s  c o n s t a n t ,  and 
t h a t  R e q u a l s  t h e  volume weighted mean d r o p l e t  r a d i u s .  
f ’  
A l s o  i t  should be noted t h a t  a p o s i t i v e  t i m e  r a t e  of change of t h e  normalized drop- 
l e t  mass (R /R , )  s i g n i f i e s  t h e  occurrence o f  condensa t ion ,  and a n e g a t i v e  r a t e  o f  
change i n  d r o p l e t  e v a p o r a t i o n ,  I n  t h e  fo l lowing  s e c t i o n  t h e  equa t ion  f o r  t h e  mean 
d r o p l e t  r a d i u s  a s  a f u n c t i o n  of t h e  l o c a l  f i l m  p r e s s u r e  i s  developed.  Th i s  r e l a t i o n -  
s h i p  i n  c o n j u n c t i o n  w i t h  Equat ion (2) w i l l  d e f i n e  t h e  c o n s t i t u t i v e  e q u a t i o n  f o r  a 




Liquid d r o p l e t s  of mean i n i t i a l  r a d i u s  R a r e  assumed t o  e n t e r  t h e  f i l m  having a 
i 
S T When t h e s e  d r o p l e t s  T f i  - g i  f l a t  r a d i a l  t empera ture  p r o f i l e  a t  a tempera ture ,  
a r e  t r a n s p o r t e d  i n t o  a r e g i o n  where T f i  > Ts3 i . e .  t h e  l o c a l  s a t u r a t i o n  tempera- 
t u r e  (T ) a s  determined by t h e  l o c a l  s t a t i c  f i l m  p r e s s u r e  i s  less rhan the  i n i t i a l  
d r o p l e t  t empera ture ,  t h e  l i q u i d  s u r f a c e  of t h e  d r o p l e t s  evapora t e s .  A l t e r n a t e l y  
S 
when T > T f i  t h e  vapor phase condenses on t h e  e n t r a i n e d  d r o p l e t s .  The r a t e  of 
S 
evapora t ion  and/or  Condensation i s  governed by t h e  d i f f u s i o n  r a t e  of thermal  en- 
e rgy  t o  t h e  l i qu id -vapor  i n t e r f a c e  and t h e  l a t e n t  h e a t  of v a p o r i z a t i o n  of t h e  
f l u i d .  
p r e s s u r e  and tempera ture  throughout  t h e  evapora t ion  p rocess s  s o  t h a t  i n  t h e  c a s e  
of evapora t ion ,  thermal  energy w i l l  d i f u s e  from both  t h e  l i q u i d  and bulk  vapor 
phases  a s  shown i n  F i g .  I. The r a t i o  of t h e  l i q u i d  phase and vapor phase i n t e r -  
f a c e  h e a t  f l u x e s  i s  p r o p o r t i o n a l  t o  [ (kpCp)f/(kpCp)g ’’’ > which f o r  most f l u i d s  
i s  much g r e a t e r  than  u n i t y .  Therefore  t h i s  a n a l y s i s  on ly  cons ide r s  t h e  d i f f u s i o n  
of  thermal  energy w i t h i n  t h e  l i q u i d  phase of t h e  d r o p l e t s  t o  and from t h e  vapor- 
l i q u i d  i n t e r f a c e .  
The l i qu id -vapor  i n t e r f a c e  w i l l  be e s s e n t i a l l y  a t  t h e  l o c a l  e q u i l i b r i u m  
The non-equi l ibr ium d r o p l e t  evapora t ion  and/or  condensa t ion  model i s  thus  reduced 
t o  f i n d i n g  t h e  s u r f a c e  h e a t  f l u x  of a s p h e r i c a l  l i q u i d  d r o p l e t  having a t ime vary-  
i n g  s u r f a c e  tempera ture  equa l  t o  t h e  l o c a l  s a t u r a t i o n  tempera ture .  
A mass and energy ba lance  a t  t h e  l i q u i d  d r o p l e t  s u r f a c e  r e q u i r e s  t h a t  
where 4 i s  t h e  s u r f a c e  h e a t  f l u x ,  Pf t he  d r o p l e t  d e n s i t y ,  h 
v a p o r i z a t i o n  and R t h e  t i m e  r a t e  of change of t h e  d r o p l e t  r a d i u s .  
t h e  l a t e n t  h e a t  of 
f g 
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With a s p h e r i c a l  c o o r d i n a t e  system f i x e d  i n  a d r o p l e t ,  and assuming p o l a r  and 
az imutha l  symmetry, t h e  time dependent tempera ture  f i e l d  of a d r o p l e t  be ing  
t r a n s p o r t e d  through t h e  b e a r i n g  f i l m  i s  g iven  a s  
I n t e g r a t i n g  Equat ion  ( 4 )  w i t h  r e s p e c t  t o  r g i v e s  
Combining Equat ions  (3) and ( 5 )  a p ” u s i n g  t h e  boundary c o n d i t i o n  t h a t  t h e  temper- 
a t u r e  of t h e  d r o p l e t  s u r f a c e  i s  equa l  t o  t h e  l o c a l  s a t u r a t i o n  tempera ture ,  one 
o b t a i n s  
hfg- c pfi- Ts) 
where h 1 - i s  approximate ly  (h  - CpfTf i ) /  Cpf and e s s e n t i -  
c f  g 
a l l y  c o n s t a n t  f o r  m h y  f l u i d s  s i n c e  h f o r  most vapors  i s  a weak f u n c t i o n  of a 
t empera ture .  I n t e g r a t i n g  Equat ion  (6) then g i v e s  
R 
$(Ri3 - R3) = / (Tfi- Tf )  r2 d r  
0 
(7) 
The asymptot ic  d r o p l e t  evapora t ion  c a n  be r e a d i l y  ob ta ined  from Equat ion  (7) by 
s u b s t i t u t i n g  t h e  asymptot ic  s a t u r a t i o n  tempera ture  f o r  t h e  d r o p l e t  t empera ture  
(Tf) and i n t e g r a t i n g  t o  o b t a i n  
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W 
I n  t h e  c a s e  of  s a t u r a t e d  s team t h e  r a t i o  of t h e  a v a i l a b l e  and l a t e n t  h e a t  6, 
i s  approximately 1/3 over  a wide range  of p r e s s u r e s  so  t h a t  t h e  asymptot ic  unevapoac- 
a t e d  d r o p l e t  mass f r a c t i o n  i s  g r e a t e r  than  2/3. 
Following Von Karman's i n t e g r a l  bomdary  l a y e r  method, an  approximate s o l u t i o n  of 
t h e  hea t -ba lance  i n t e g r a l  g iven  by equa t ion  (7) can be obta ined  by p r e s c r i b i n g  a 
r a t i o n a l  d r o p l e t  t empera ture  p r o f i l e  such a s  
when r g / R  > 0, and 
when r ' / R  < 0 .  
Note ( 1 - r ' / R )  d e f i n e s  t h e  d r o p l e t  thermal  d i f f u s i o n  l a y e r  t h i ckness .  
S u b s t i t u t i n g  Equat ions  (9) i n t o  Equat ion (7) g i v e s  
; r o / R  > 0 ( loa )  
3 3  4h (Ri - R ) /R3 3 e 
(Tfi- Ts) 
( lob )  
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Equat ions  (10) a r e  shown i n  F i g .  2 .  
Note t h a t  Equat ion  ( l o b )  i s  a s y m p t o t i c a l l y  c o r r e c t ,  f o r  when 
(Tfi  - Ts> 
h 
Ri3 - R 3 
4 
W r ' / R  d w  
R 3  
W 
i n  agreement w i t h  Equat ion  (8).  
A l s o  i n  accordance  w i t h  Equat ion  ( l o a )  and ( lob)  when ( r g / R )  = 0 t h e  evapora t ion  
p r o c e s s  i s  approximate ly  ( 3 / 4 )  completed s i n c e  
T . - T  
) = -  
4 
To complete t h e  s o l u t i o n  of Equat ion  (3), t h e  d r o p l e t  thermal d i f f u s i o n  l a y e r  
t h i c k n e s s  ( 1 - r ' / R )  m u s t  be d e f i n e d  i n  terms of t h e  d r o p l e t  r a d i u s  and t h e  thermal 
d r i v i n g  f o r c e ,  (Tfi  - Ts) .  
mass-energy ba lance  Equat ion  ( 3 ) ,  and t h e  d r o p l e t  s u r f a c e  tempera ture  g r a d i e n t  
ob ta ined  from Equat ions  (9), g i v i n g  
Th i s  r e l a t i o n s h i p  can  be ob ta ined  from t h e  vapor - l iqu id  
r 
(1 - r ' / R )  RR = - - (Tfi  - Ts) 
Pfhfg 
dR where R = - - d t  
Equat ion  (13) combined w i t h  Equat ions  (10) d e f i n e  t h e  local dynamics of t h e  
d rop le t -vapor  i n t e r f a c e  i n  t h e  thermal p o t e n t i a l  f i e l d ,  
a n t  system of f i r s t  o r d e r  non- l inea r  d i € f e r e n t i a l  equa t ions  i s  complicated by t h e  
f a c t  Equat ions  ( l o a )  and ( l o b )  a r e  discont int ious i n  t h e  time domain. However a 
- Ts) . The r e s u l t -  (Tf F 
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good approximation f o r  Equat ions  ( loa)  and (lob) which i s  cont inuous  over  t h e  
e n t i r e  range of r D / R  5 1 i s  g iven  a s  
e/2 1 - r g / R  = 
and t h e  normalized d r o p l e t  rad,ils R'k, i s  d e f i n e d  by t h e  r a t i o  of i n s t a n t a n e o u s  
d r o p l e t  r a d i u s  R ,  and t h e  i n i t i a l  r a d i u s  R of +,hi. d r o p l e t  as i t  e n t e r s  t h e  
f i l m .  
iy 
A comparison of  Equat ions  (10) and (14) i s  shown i n  F ig . ,  2 .  
Combining Equat ions  (13) and (14) g i v e s  t h e  fo l lowing  f i r s t  o r d e r  non- l inea r  
d i f f e r e n t i a l  equa t ion  f o r  t h e  normalized d r o p l e t  raclins 
(Ri/3) 2 /af 




t h e  thermal d r i v i n g  p o t e n t i a l  F(T*) si and 'P zii - ~ ' f i 
The product  of t h e  c h a r a c t e r i s t i c  d r o p l e t  evaporatioc-condensation t ime and t h e  
normalized d r o p l e t  r a d i u s  r a i s e d  t o  t h z  f i f t i  power T R7i5> d e f i n e s  a f i r s t  o r d e r  
t ime l a g  f o r  v a r i a t i o n s  of t h e  q u a d r a t i c  d r o p l e t  mass f r a c t i o n .  The asymptot ic  
D' 
3 1-R * 
W 
d r o p l e t  mass f r a c t i o n  ( >, a s  .g . fwe~ by Equat ion  (15) i s  which 




Thus t h e  a sympto t i c  evapora t ion  f r a c t i o n  g iven  by Equat ion 1- 6(1-Ti*) equa 1 s 
(15) i s  e x a c t  and agrees t h e r e f o r e  w i t h  Equat ion (8)" 
The f o r c i n g  f u n c t i o n  F(TJ"> is determined by the thermal  d r i v i n g  p o t e n t i a l  which 
i s  determined by t h e  i n i t i a l  d r o p l e t  t a - ~ p ~ r a t u r e  T 
temperature  T It should a l s o  be noted t h a t  t h e  d s s p l e z  evapora t ion -condensa t ion  
model i n c l u d e s  t h e  e f f e c t  o f  i n t r o d u c i n g  d r o p l e t s  which a r e  h i t i a l l y  superheated 
o r  subcooled i n t o  t h e  vapor  f i l m .  T h t s  i s  c l e a r l y  shown LD t h e  thermal  f o r c i n g  
f u n c t i o n  which i n  t h e  c a s e  o f  evapora t ion  e q u a l s  t h e  r a t i o  of t h e  s p e c i f i c  h e a t  
a v a i l a b l e  f o r  evapora t ion ,  and t h e  s p e c i f i c  Za tm? h s a t  of t b e  d r o p l e t s  reduced 
by t h e i r  i n i t i a l  s p e c i f i c  s i p e x h e a t .  
and t h e  l o c a l  s a t u r a t i o n  f i  
s 
The Clapeyrcn e q u a t i o n  giwes t h e  r e l a t i o n s h i p  between th?  l o c a l  s a t d r a t i o n  temper- 
a t u r e  and t h z  f i l m  p r e s s u r e  80 t h a t  
l-Ti* 
- MT an  P 
'- p = -71- I? 
1 
where t h e  Trou t sn  number N e q u a l s  (Ra /Jh and P si p/pi.  a: fi f g  
I n  o b t a i n i n g  Equat ion (16) i t  i s  assuined t h a t  t h e  l a t e n t  h e a t  LS e s s e n t i a l l y  
c o n s t a n t ,  t h e  s p e c i f i c  volume of t h e  vaFos is much g r e a t e r  than t h a t  of t h e  
l i q u i d  phase,  and t h e  vapor phase behaves as a n  i d e a l  gas .  
A l so  t h e  i n i t i a l  c o n d i r i o n  f o r  Equat ion {16).. :.,.9c P =: 1 i.s defirzed by '-,he 
i n i t i a l  f r a c t i o n a l  d r o p h t  s t lperhea t  ratio (l-T.*)/Te*.. 
1 1. 
Combining and r e a r r a n g i n g  Equa t ions  (15) and (163 g i v 2 s  
B-50 
1- 6(1-Ti*) 
where F(P) S 
2 
I n  accordance w i t h  Equat ion  ( 8 ) ,  1 2 R*’ > (1-6)5/3 and when 6 < < 1 Equat ion  
I n  t h e  c a s e  of 1 -R* (17) i s  approximate ly  l i n e a r  i n  t h e  var i .ab le  Y i 
5 steam 1 2  R* > .5 . 
L i n e a r i z i n g  Equat ion  (1 7) t hen  g i v e s  
-t- Y = F(P) ‘D dt 
I n t e g r a t i n g  Equat ion  (18) one o b t a i n s  
f r t  
L J 
-1 
F(P) exp ,- --”I d< 
‘D i 0 t=-P r2 
Combining Equat ion  (19) and Equat ion  (2) one obtai .ns  t h e  g e s e s a l  c o n s t L t u t i v e  
equa t ion  f o r  evapora t ion  and /o r  condensa t ion  in a d i s p e r s e d  two-phase f i l m  flow 
d e r i v a t i v e  
B-51 
Formally Euqat ion (2Q) combined w i t h  Equat ion (39)  i n  P a r t  I of t h i s  r e p o r t  com- 
p l e t e s  t h e  d i s p e r s e d  two-phase Reynolds? f i l m  flow equa t ion .  This  e q u a t i o n  
d e s c r i b e s  bo th  t h e  s t a t i c  and dynamic f i l m  p r e s s u r e  p r o f i l e s  and flow r a t e s  o f  
a d i s p e r s e d  two-phase f i l m  f low i n c l u d i n g  t h e  e f f e c t s  o f  a non-equi l ibr ium change 
o f  phase - 
As a f i r s t  s t e p  toward o b t a i n i n g  an  unde r s t and ing  of non-equi l ibr ium two-phase 
f i l m  flow phenomena, t h e  p reced ing  g e n e r a l  equat. ions have been used t o  ana lyze  
s t e a d y  s t a t e ,  one d imens iona l ,  e v a p o r a t i v e  two-phase f i l m  f low"  Besides  l end ing  
c l a r i t y  and t r a c t a b i l i t y  t o  t h e  a n a l y s i s ,  t h e  s imple f i l m  flow geometry cons ide red  
i n  t h i s  s t u d y ,  F i g .  I ( s e m i - i n f i n i t e  s t r i p  b e a r i n g ) ,  can  a l s o  be used t o  synthe-  
s i z e  t h e  s team j o u r n a l  b e a r i n g  t e s t  c o n f i g u r a t i o n  o f  Ref [ 4 ]  
The g e n e r a l  two-phase Reynolds '  equa t ion  a s  ob ta ined  i n  P a r t  I, f o r  t h e  c a s e  o f  
a s t r i p  b e a r i n g  c o n f i g u r a t i o n  wi thou t  r e l a t i v e  motion between t h e  boundar i e s ,  
under s t e a d y  s t a t e  c o n d i t i o n s  r educes  t o  
v i  (Tf )  
I n  a s t e a d y  s t a t e  d i s p e r s e d  two-phase f i l m  f low t h e  thermodynamic f o r c i n g  f u n c t i o n  
F(T*) i s  always p o s i t i v e ,  i . e .  
evapora t e  a s  t h e y  t r a v e r s e  t h e  f i l m ,  and i n  accordance w i t h  Equat ion (2) I' averaged 
a c r o s s  t h e  f i l m  under s t e a d y  flow cond i t i . ons  i s  giver, a s  
- T ) 2 0 .  The re fo re  t h e  l i q u i d  d r o p l e t s  (Tf i s 
f 
P C i U  - 1 dx 
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where Q i s  t h e  mass f low r a t e  p e r  u n i t  w id th  of t h e  
Ph 
S i n c e  u = 6 ( 3  (1 - t) 
b e a r i n g  f i l m ,  Equat ion (22) becomes 
where 
J 
( P 3 )  = 0 
Combining Equat ions ( 2 1 )  and ( 2 4 )  g i v e s  
2 2  
2 
d p =  
dx 
I n t e g r a t i n g  Equat ion ( 2 5 )  and r e q u i r i n g  t h a t  t h e  n e g a t i v e  g r a d i e n t  o f  t h e  quadra- 
l i c  p r e s s u r e  d i s t r i b u t i o n  f o r  a d r y  f i l m  e q u a l s  C g i v e s  1’ 
- = -  dP2 x 1 - c i {R*3)] 
S i n c e  t h e  i n s t a n t a n e o u s  mean d r o p l e t  mass f r a c t i o n  
e q u a t i o n  ( 2 6 )  becomes 
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- - - c1 dx (2 n 
The q u a d r a t i c  evapora t ion  f r a c t i o n  Y, i s  determined from Equgtion (18) which f o r  
s t e a d y  flow c o n d i t i o n s  becomes 
TD U - d y  + Y = F(P) dx 
Equat ions (27) and (28) d e f i n e  t h e  s t e a d y  s t a t e  filrri p r e s s u r e  p r o f i l e ,  and f low 
r a t e .  
To s o l v e  Equat ions (27) and (28) i t  i s  most convenient  t o  f i r s t  e l i m i n a t e  t h e  
s p a t i a l  c o o r d i n a t e  and s o l v e  for  t h e  q u a d r a t i c  e v a p o r a t i o n  f r a c t i o n  Y, a s  a 
f u n c t i o n  o f  p r e s s u r e ,  and t h e  t r a n s v e r s e  c o o r d i n a t e  of t h e  f i l m ,  y .  Dividing 
t h e s e  e q u a t i o n s  one o b t a i n s  
P ihL 
6 (y/h)  ( l -y /h)Q <RTgi a where t h e  y dependent f i l m  t r a n s i t  t i m e  T ( y ) ,  i s  d e f i n e d  a s  
and c < < 1. 
f 
i 
The r a t i o  of t h e  d r o p l e t  t i m e  constant.  T and t h e  c h a r a c t e r i s t i c  f i l m  t r a n s i t  D 
t i m e  T (y> d e f i n e s  a l o c a l  evapora t ion  r e l a x a t i o n  p a r a n e z e r ,  I f  t h e  evapora t ion  
r e l a x a t i o n  parameter  i s  much less  than  u n i t y  t h i s  i m p l i e s  t h a t  t h e  a symoto t i c  
evapora t ion  r a t e  w i l l  be e s t a b l i s h e d  near  t h e  i n l e t  r e g i o n  of t h e  f i l m .  I n  t h e  
c a s e  of a r e l a x a t i o n  parameter  much g r e a t e r  +-hart m i t y  o n l y  a sma l l  amount o f  
evapora t ion  w i l l  occur  w i t h i n  t h e  f i l m .  
f 
Rea r rang ing  Equa t ion  (29) one o b t a i n s  
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= F(P) - d 
d P3 
I n t e g r a t i n g  Equat ion (30) by p a r t s , o n e  o b t a i n s  t h e  approximation 
Thus 
Y1l 
6 where 7 iz 
1- 6 ( l-Ti*) 
The normalized d r o p l e t  evapora t ion  f r a c t i o n  Y1'2/v5 is shown i n  F i g .  3 a s  a 
f u n c t i o n  o f  t h e  l o c a l  f i l m  p r e s s u r e  r a t i o  I?, t h e  evapora t ion  r e l a x a t i o n  c o n s t a n t  
yI and t h e  i n i t i a l  f r a c t i o n a l  s u p e r h e a t i n g  cf t h e  l i q u i d  d r o p l e t s ,  (l-Ti*]" 
Trouton number f o r  steam (N c 1/10) was used i n  t h e s e  c a l c u l a t i o n s .  
The 
T 
Combining Equat ions (27) and (32) one obtains t h e  f i l m  p r e s s u r e  p r o f i l e  by 
q u a d r a t u r e s ,  such t h a t  
P 
Pd P (33) 
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For  e q u a l  mass flow r a t e s  t h e  w e t  f i l m  p r e s s u r e  d rop  i s  l e s s  t han  t h a t  o f  a d r y  
f i l m .  
t h e  p r e s s u r e  p r o f i l e  when t h e  evapora t ion  r e l a x a t i o n  c o n s t a n t  y i s  e i t h e r  
much g r e a t e r  o r  much less than  u n i t y .  A l a r g e  v a l u c  o f  y i m p l i e s  t h a t  t h e  
m a j o r i t y  of t h e  e v a p o r a t i o n  p r o c e s s  o c c u r s  a t  t h e  e x i t  r e g i o n  of t h e  f i l m  where- 
a s  yav 
a sympto t i c  e v a p o r a t i o n  r a t e  a t  t h e  i n l e t  r e g i o n  o f  t h e  f i l m .  
Mois tu re  f r a c t i o n s  much less t han  u n i t y  d o  n o t  s i g n i f i c a n t l y  i n f l u e n c e  
av' 
a v  
much less  t h a n  u n i t y  causes  t h e  e n t r a i n e d  d r o p l e t s  t o  r a p i d l y  a t t a i n  t h e  
2 A s  noted p r e v i o u s l y ,  t h e  d r o p l e t  evapora t ion  t i m e  i s  p r o p o r t i o n a l  t o  (R.  /a: ), 
t h u s  t h e  i n i t i a l  d r o p l e t  s i z e  i s  c r i t i c a l  i n  t h e  d e t e r m i n a t i o n  of y which 
i s  p r o p o r t i o n a l  t o  t h e  r a t i o  o f  t h e  d r o p l e t  e v a p o r a t i o n  t ine  c o n s t a n t ,  T ~ ,  and 
t h e  f i l m  r e s i d e n c e  t ime, T ~ .  
a l l o w  a rough d e t e r m i n a t i o n  o f  t h e  mean-maximum d r o p l e t  r a d i u s .  The a tomiza t ion  
o f  l i q u i d  d r o p l e t s  i n  two component s p r a y  n o z z l e s  of v a r i o u s  c o n f i g u r a t i o n s  
showed t h a t  t h e  f i n e n e s s  of a low-v i scos i ty  l i q u i d  d r o p l e t  sp ray  i s  approximately 
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  k i n e t i c  energy of t h e  g a s  phase r e l a t i v e  t o  t h e  
d r o p l e t s ,  t h u s  
1 f  
a v  
The experiments  and a n a l y s i s  r e p o r t e d  i n  Ref .  7 
2 
f o r  s t a b l e  
2pgRcV r e 1  
Equat ion (37)  i s  based on a c r i t i c a l  Weber number, 
d r o p l e t s  e q u a l  t o  12 .  goof 
Combining t h i s  r e s u l t  w i t h  t h e  d e f i n i t i o n s  of T 
r a t i o  of t h e  d r o p l e t  evapora t ion  t i m e  c o n s t a n t  and the  ave rage  f i l m  t r a n s i t  
t i m e  i s  p r o p o r t i o n a l  t o  (2g p (T )2 /a fpgG3 where (T i s  th.e l i q u i d  phase s u r -  
f a c e  t e n s i o n  and G i s  t h e  mass f l u x  of t h e  f i l m .  I n  t h e  c a s e  of t h e  e x t e r n a l l y  
p r e s s u r i z e d  steam j o u r n a l  b e a r i n g  t e s t s ,  R e f s .  [3, 4 1  
and T~ one can show t h e  f a v  
o g f  f 
1/10 < y < 1. a v  
F i g u r e  3 shows t h e  s t r o n g  e f f e c t  t h e  evapora t ion  r e l a x a t i o n  number y3 and t h e  
i n i t i a l  d r o p l e t  supe rhea t  f r a c t i o n  (1-T.") h a s  on t h e  evapora t ion  p r o c e s s .  As y 
d e c r e a s e s  t h e  r a t e  of evapora t ion  i n c r e a s e s  due t o  t,he reduced thermal  i n e r t i a  
1 
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where c < < 1 and, i n  accordanc,e w i t h  t h e  ave rag ing  o p e r a t o r  d e f i n e d  by 
Equa t ion  (24)  Equat ion (33) becomes 
i 
A comparison o f  w e t  and d r y  f i l m  p r e s s e s e  profiles ob ta ined  from Equat ion ( 3 4 )  a r e  
shown i n  F i g .  4 ,  f o r  a range of i n l e t  era i s ta re  fsac",iions c and f i l m  p r e s s u r e  
r a t i o s ,  P The mean e v a p o r a t i o n  r e l a x a t i c o  cons tan t  y.> i n d i c a t e d  i n  F ig .  4 
e q u a l s  T ~ / T ~ ~ ~  where t h e  ave rage  f i l m  t r a c s i t  t i m e  T 
i9 
a SV 
i s  d e f i n e d  a s  p.hL/Q@lc 
fi3.J 2 g i  
From Equat ion (33) i t  should b e  noted t h a t  
where p and p a r e  r e s p e c t i v e l y  t h e  d r y  f i l m  i n l e t  p r e s s u r e  end w e t  
f i l m  i n l e t  p r e s s u r e  f o r  equa l  f i l m  mass f l o a  rates. Then f a r  p r a c t i c a l  f i l m  
p r e s s u r e  r a t i o s  (p . /p  1 > > 1, one o b t a i n s  t h e  r e l a t i o n s h i p  
i i Dry Wet 
2 
i a  
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Ib g e n e r a l  c o n s t i t u t i v e  equa t ion  f o r  evapora t ion  and /o r  condensa t ion  I n  a two- 
phase vapor f i l m  has been ob ta ined ,  i n  a convec t ive  (Lagrangian) c o o r d i n a t e  
system, 
t ime h a t e  of  change s f  t h e  mean drapI..et mass. The temporal behavior  of t h e  
q u a d r a t i c  d r o p l e t  mass f r a c t i o n  whethe? evapora t ing  or  condensing i.s d.eacribed 
by a f i r s t  o r d e r  time d e l a y  equa t ion  wi th  a time constant p r o p o r t i o n a l  to 
r a t i o  of t h e  i n i t i a l  d r o p l e t  s u r f a c e  area and thcrmal  d l f f u a i v i t y .  The f o r c i n g  
f u n c t i o n  f o r  t h e  d r o p l e t  evapora t ion  and/or  condensa t ion  i s  de+errr.bn,zd by t h e  
thermal d r i v i n g  p o t e n t i a l  between t h e  t c t e s n a l  droplet :  temperatire Find a t i m e  
va ry ing  su r face  s a t u r a t i o n  t empera tu re .  
The dynamic behavior  of t h e  c o n s t i t u t i v e  equa t ion  is governed by t h e  
The hea t -ba l ance  i n t e g r a l  method, R e f -  9 ,  i s  t h e  b a s i s  of th? w e - e q u i l i b r i u m  
d r o p l e t  dynamic a n a l y s i s .  While not exact th? t s a c t a b i l n t y  sf rrhe method 
s t r o n g l y  reccamends i t s e l f  f o r  t h i s  complex phase-change problem 
Formal ly ,  t h e  c s c s t i t u t i v e  equa t ion  as obtafn.ed h e r e  %hen. combin-ed. with t h e  
r e s u l t s  of Pest 1 g i v e s  t h e  complete eqaa t io i  fcs a d i s p e r s e d  tdwphase  Reynolds '  
f i l m  f l a w .  As e f i r s t  s t e p  toward apply ing  t l n a ?  anaI .pais ,  a steady s t a t e  evap- 
o r a t i v e  s t r i p  f i l m  flow was cons idered  . 2 1 5 s  i d e a l i z e d  c o n f i g a a t . i o n  :s par-  
t i c u l a r l y  n s e f u l  f o r  s y n t h e s i z i n g  t h e  p re s su re - f low c h a r e c t e r i s t l c a  of e x t e r n a l l y  
p r e s s u r i z e d  vapor l u b r i c a t e d  j ourna I bear ings  a 
The resd3;5-e c f  t h e s e  s t e a d y  state analysis c l e a r l y  6how t h a t  the t ~ a l  v a p o ~  
f i l m  p r e s s z r e  drop  is  on ly  s l i g h t l y  modifi,ed by t h e  presence of a amaLl irrlet 
f i l m  m i h ? a r e  fract i .cn.  On tlze o t h e r  h & d  t h e  prersence of c o n d e ~ s a t ?  can 
d s a m a t i x a l l y  e f f e c t  t h e  dynamics of e t w ~ - p h a s e  f i l m  f lov.  
fee% a r e  d i s c u s s e d  i n  t h e  f a l l o w i n g  sectLcrzl, 
These dycamic sf- 
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For equal  mass flow r a t e s  t h e  wet f i l m  press i l re  drop i s  l e s s  than  t h a t  of a d r y  
f i l m .  
t h e  p r e s s u r e  p r o f i l e  when t h e  evapora t ion  r e l a x a t i o n  c o n s t a n t  y i s  e i t h e r  
much g r e a t e r  o r  much less than  u n i t y .  A l a r g e  va lue  of y imp l i e s  t h a t  t h e  
m a j o r i t y  of  t h e  evapora t ion  process  occurs  a t  t h e  e x i t  r e g i o n  of t h e  f i l m  where- 
a s  y much less than  u n i t y  causes  t h e  en t r a ined  d r o p l e t s  t o  r a p i d l y  a t t a i n  t h e  
asymotot ic  evapora t ion  r a t e  a t  t h e  i n l e t  regiorr of t h e  f i l m ,  
Mois ture  f r a c t i o n s  much l e s s  thar? u n i t y  do aot-, s i g n i f i c a n t l y  i n f l u e n c e  
a v 9  
a v  
a v  
2 As noted p rev ious ly ,  t h e  d r o p l e t  evapora t ion  t ime i s  p r o p o r t i o n a l  t o  (R. /cy ), 
t h u s  t h e  i n i t i a l  d r o p l e t  s i z e  i s  c r i t i c a l  i n  t h e  de t e rmina t ion  of y which 
i s  p r o p o s t i o n a l  t o  t h e  r a t i o  of t h e  d r o p l e t  evapora t ion  t ime cons t an t :  T and 
t h e  f i l m  r e s i d e n c e  t ime,  T ~ .  
a l l ow a rough de te rmina t ion  of t hz  mean-maximum d r o p l e t  r a d i a .  The a tomiza t ion  
of l i q u i d  d r o p l e t s  i n  two component spray nozz le s  of v a r i o u s  c o n f i g u r a t i o n s  
showsd t h a t  t h e  f i n e n e s s  of a l ow-v i scos i ty  l i q u i d  d r o p l e t  sp ray  i s  approximate ly  
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  k i n e t i c  energy of t h e  gas  phase r e l a t i v e  t o  t h e  
d r o p l e t s ,  thus  
1 . 4  
aV 
D9 
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2 p  B c v r2l 
goof 
Equat ion  (37 )  i s  based on a c r i t i c a l  Weber number. 
d r o p l e t s  equa l  t o  12. 
- ' f o r  s t a b l e  
Combining t h i s  r e s u l t  w i t h  t h e  d s f i n i t i o n s  of T 
r a t i o  of t h e  d r o p l e t  evapora t ion  t ime cons tanc  and t h e  average  f i l m  t r a n s i t  
p G3 t i m e  t o  (2g p CY ) 
G i s  t h e  mass f l u x  of t h e  f i l m ,  I t h e  c a s e  of t h e  e x t e r n a l l y  p re s su r i zed  
s team j o u r n a l  b e a r i n g  tests,  Ref s .  
and T~ one can show t h e  
fa l i  
where CJ i s  t h e  l i q c i d  phase s u r f a c e  t .ension and 2 
o g f  f g  f 
3,  4-J _. 1/10 < y < 1, a v  
F igure  3 shows t h e  s t r o n g  e f f e c t  t h e  evapora t ion  r e l a x a t i o n  number y, and t h e  
d r o p l e t  supe rhea t  f r a c t i o n  (1-T has  on t h e  evapora t ion  p rocess .  As y 
d e c r e a s e s  t h e  r a t e  of evapora t ion  i n c r e a s e s  due t o  t h e  reduced thermal i n e r t i a  
i 
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of  smaller d r o p l e t s .  
a t  t h e  i n l e t  t o  t h e  f i l m  i n c r e a s e s  which a l s o  causes  a more r a p i d  evapora t ion  
of t h e  d r o p l e t s .  
w e t  vapor b e f o r e  i t  i s  fed i n t o  t h e  f i lm .  Under t h e s e  c o n d i t i o n s  t h e  d r o p l e t s  
will t y p i c a l l y  r e t a i n  t h e i r  i n i t i a l  temperature  d u r i n g  t h e  expansion ( d r o p l e t  
t r a n s i t  t i m e  < <  T ~ ) ~  and thereby  a r e  superheated w i t h  r e s p e c t  t o  t h e  s a t u r a t i o n  
tempera ture  of  t h e  t h r o t t l e d  p r e s s a r e  a t  the  i n l e t  t o  t h e  evapora t ive  f i l m .  Ex- 
t e r n a l l y  p re s su r i zed  vapor bea r ings  t r a d i t i o n a l l y  use fed  hole  t h r o t t l i n g  t o  
o b t a i n  bea r ing  s t i f f n e s s  (compensation).  At optimum des ign  s t i f f n e s s  t h e  r a t i o  
of t h e  f i l m  i n l e t  p r e s s u r e  and bea r ing  supply p r e s s u r e  i s  t y p i c a l l y  3 / 4 .  
case of an  e x t e r n a l l y  p r e s s u r i z e d  steam l u b r i c a t e d  bea r ing  'E *> f o r  t h e  above 
p r e s s u r e  r a t i o  is  approximate ly  -95 over  a wide range  of supply p r e s s u r e s  (3-25 
atm.) 
When (l-=Ti*) i n c r e a s e s , t h e  degree  of d r o p l e t  supe rhea t ing  
Drople t  supe rhea t ing  can be obta ined  by r a p i d l y  t h r o t t l i n g  t h e  
I n  the  
i 
3 . 3  Dynamic E f f e c t s  
Of t h e  t h r e e  major wet-vapor f i l m  f low parameters ;  
a )  i n l e t  mois ture  f r a c t i o n  ( e . )  
b) evapora t ion  r e l a x a t i o n  c o n s t a n t  (y J b  av' 
c) d r o p l e t  superheat .  f r a c t i o n  (1-T *) 
1 
i 
The l a t t e r  two parameters  a re  t h e  most s e n s i t i v e  t o  dynamic f i l m  f low e f f e c t s .  
The i n l e t  mo i s tu re  f r a c t i o n  i s  t y p i c a l l y  f ixed  by the  vapor supply c o n d i t i o n s  
and independent  of t h e  vapor f i l m  f low.  An l?xeeption t o  t h i s  s i t u a t i o n  was 
noted i n  Ref. ,  5 where i t  was shown t h a t  environmental  temperature  of t h e  f i l m  
i n l e t  can cause  l o c a l  condensa t ion  of t h e  V Z ~ P Q ~  being suppl ied  t o  t h e  f i l m .  It 
should be noted though, t h a t  t h e  magnitsd? of t h e  dgrnamic flow e f f e c t s  r e f l e c t  
t h e  l e v e l  of t h e  i n l e t  mo i s tu re  f r a c t i o n .  
It: has  been shown t h a t  t h e  i n i t i a l  d r o p l e t  s i z e  is i n f l u e x e d  by t h e  f i l m  f low 
r a t e  and t h a t  t h e  evapora t ion  c o n s t a n t  y i s  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  cube 
of t h e  f i l m  mass f l u x ,  t h e r e f o r e  t h e  d r o p l e t  evapora t ion  r a t e  and t h e  mass s t o r -  
age  i n  t h e  f i l m  w i l l  be s e n s i t i v e  t o  v a r i a t i o n s  i n  t h e  f i l m  f low.  
av 
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A v a r y i n g  f low r a t e  i n  a b e a r i n g  f i l m  w i l l  a l s o  modify t h e  compensation p r e s s u r e  
r a t i o  and the reby  change t h e  i n i t i a l  d r o p l e t  s u p e r h e a t  f r a c t i o n  (1-T *). T h i s  
dynamic e f f e c t  w i l l  a l s o  change t h e  f i l m  mass storage r a t e .  
i 
The damping and s t a b i l i t y  o f  a vapor b e a r i n g  depend upon t h e  dynamics of t h e  f i l m  
mass s t o r a g e ,  I f  t h e  t i m e  c o n s t a n t  is too Large t o  s t o r e  vapor and i n c r e a s e  t h e  
mean f i l m  p r e s s u r e  a s  t h e  compensated fi lm. i n l e t  pressz;re i s  i n c r e a s e d ,  t h e  bear-  
i n g  w i l l  be poor ly  damped o r  uns t ab le . .  S i w e  311 i n c r e a s i n g  i c l e t  f i l m  p r e s s u r e  
w i l l  d e c r e a s e  t h e  d r o p l e t  supe rhea t  f r a c t i o n  and r e t a r d  d r o p l e t  e v a p o r a t i o n  t h e  
mean € l l m  p r e s s u r e  w f l l  b u i l d  1110x3 s los lg  ~ k a z  i.n a d r y  f i l m ,  Th i s  dynamic mass 
s t o r a g e  e f f e c t .  i n  con-iunction w i t h  t h e  dynamic e f f e c t s  of t h e  evapora t ion  r e l a x -  
a t i o n  number causes  a wet-vapor b z a r i n g  t o  have a ilniq7ie s t a b i l i t y  boundary com- 
pared t o  t h a t  of non-condensing gas b e a r i n g s  * 
Thus, t h e  above s t z a d y - s t a t e  e v a p o r a t i v e  f i l s  a n a l y s i s  i s  b u t  a f i r s t  s t e p  toward 
a dynamic a n a l y s i s  o f  vapor f i l m s  and t h e  e r a i u a t i o n  o f  vapor b e a r i n g  s t a b i l i t y  
maps. 
of a dynamic e v a p o r a t i v e  f i l m  a n a l y i i s  
In t h i s  r e g a r d ,  Equa t ions  (39) of P a r t  I and (20) of P a r t  11 form t h e  b a s i s  
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4 .  CONCLJJSIONS 
1. A non-equi l ibr ium two-phase f i l m  flow model h a s  been developed.  The model 
pogtulcl tee  t h a t  evapora t ion  a n d / o r  condensa t ion  of l i q u i d  d r o p l e t s  e n t r a i n e d  
i n  a vapor f i l m  f low i s  determined by t h e  thermal  d r i v i n g  p o t e n t i a l  o f  t h e  
i n t e r n a b  d r o p l e t  t empera ture  and t h e  l o c a l  time va ry ing  s u r f a c e  s 
temperature o f  t h e  d r o p l e t s .  The model i s  a p p l i c a b l e  t o  t h e  a n ~ l y s i s  of 
s team l u b r i c a t e d  b e a r i n g s .  
2 .  A c o n s t i t u t i v e  equa t ion  of condsnsa t ion  and /o r  evapora t ion  was ob ta ined  f o r  
a two-phase f i l m  f low i n c l u d i n g  t h e  e f f e c t s  of a non-equi l ibr ium change of  
phase.  
two-phase Reynolds '  f i l m  f low d w e l o p e d  i n  P a r t  I complete  t h e  equa t ion  f o r  
t h e  s t a t i c  and dynamic f i l m  p r e s s u r e  p r o f i l e s  and f low r a t e s .  
Th i s  c o n s t i t u t i v e  equa t ion  combined w i t h  t h e  f i e l d  e q u a t i o n s  of a 
3,  The s t e a d y  s t a t e ,  one-dimensional  e v a p o r a t i v e  f i l m  f low was ana lyzed .  T h i s  
a n a l y s i s  i d e n t i f i e d  t h r e e  major thermo-hydrodynamic parameters  of a wet vapor 
f i l m  flow: a )  t h e  i n l e t  mo i s tu re  f r a c t i o n ,  b) t h e  evapora t ion  r e l a x a t i o n  
c o n s t a n t ,  c)  t h e  i n i t i a l  d i o p l e t  supe rhea t  f r a c t i o n .  Th i s  a n a l y s i s  showed 
t h e  i n f l u e n c e  of  t h e s e  paramcters  upon t h e  d r o p l e t  evapora t ion  f r a c t i o n ,  and 
t h e  f i l m  p r e s s u r e  p r o f i l e .  
4 .  F i n a l l y  t h e  dynamic e f f e c t s  oE t h e  i n l e t  l i q u i d  d r o p l e t  Weber number and, 
t h e  above thermo-hydrodynamic parameters  on a w e t  vapor l u b r i c a t i o n  f i l m  
were d i s c u s s e d .  
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ENERGY EQUATION FOR VAPOR BUBBLE 
Cons ider  t h e  vapor  bubble  shown i n  t h e  s k e t c h  below 
t i m e  t t i m e  t + A t  
We c o n s i d e r  as our  thermodynamic system t h e  vapor bubble  a t  t i m e  t p l u s  a l a y e r  
of l i q u i d  around t h e  bubble  of i n f i n i t e s i m a l  t h i c k n e s s  A r  which c o n t a i n s  t h e  
volume of l i q u i d  V 
i n t e r v a l  from t + A t .  Thus, we  are t a k i n g  as o u r  c o n t r o l  system a material 
volume Vm which always c o n t a i n s  t h e  same mass of f l u i d .  Applying c o n s e r v a t i o n  
of  energy  t o  t h i s  material volume, n e g l e c t i n g  k i n e t i c  and p o t e n t i a l  energy,  w e  
have 
2 
= A r  47fR which w i l l  v a p o r i z e  i n t o  t h e  bubble  i n  t h e  t i m e  L V 
d E  - + - p L d V  1 +o= 
d t  J m d t  d t  
where U i s  t h e  i n t e r n a l  energy  of  t h e  material volume V P i s  t h e  p r e s s u r e  a t  
t h e  o u t e r  s u r f a c e  of t h e  volume, - dQ 
m m’ L 
i s  t h e  h e a t  t r a n s f e r  i n t o  t h e  volume, and d t  
c-2 
E 
term d E,/dt can b e  expres sed  as 
r e p r e s e n t s  t h e  energy  s t o r e d  i n  t h e  s u r f a c e  t e n s i o n  of  t h e  vapor  bubble .  The 
CT 
where V r e p r e s e n t s  t h e  volume of  t h e  bubble  s p e c i f i c a l l y .  Noting t h a t  
vL - -  - -  d V  + -'m 
d t  de d t  
and us ing  Eq. ( C - 2 )  w e  can w r i t e  Eq. (C-1) as 
V dQ + - = -  
d t  J d t  d t  d t  
P d VL P z - dU f -- (c-4) 
The change i n  i n t e r n a l  energy  i n  t h e  material volume can be d iv ided  as fo l lows :  
dUL dU v + -  dU - = -  
d t  d t  d t  ( C - 5 )  
where U and U are t h e  i n t e r n a l  e n e r g i e s  of a l l  t h e  vapor and l i q u i d  r e s p e c t i v e l y  
i n s i d e  t h e  material volume. dU / d t  can b e  w r i t t e n  as 
V L 
L 
- u  m dUL - =  d t  L 
where "r, is  t h e  s p e c i f i c  i n t e r n a l  energy of t h e  l i q u i d  and & i s  t h e  mass ra te  of 
change o f  vapor  con ta ined  w i t h i n  t h e  bubble .  dV / d t  may be  w r i t t e n  as L 
1 .  m - -  - -- dVL 
p L  d t  
(C-7) 
S u b s t i t u t i n g  Eqs. ( C - 6 )  and@-7) i n t o  Eq. C - 4 )  w e  o b t a i n  Eq. (12) o f  t h e  t e x t  
c-3 
1 pL + - -  E dQ + + - -  
PL 
P 
m v dV V 
dU 
d t  J d t  d t  
- (C- 8) 
By n e g l e c t i n g  c e r t a i n  terms, Eq. ((2-8) can b e  g r e a t l y  s i m p l i f i e d .  F i r s t ,  we can  
write 
dP 
d t  J d t  d t  J d t  
V v v  dH + -- = - - - 'v dV - 
where H i s  t h e  t o t a l  e n t h a l p y  of t h e  vapor .  S i m i l a r l y  we can w r i t e  
V 
as We can express - dHV d t  
V dChv m) dh - =  &V = h m + m -  
d t  d t  V d t  
where m i s  t h e  mass o f  vapor  con ta ined  i n  t h e  bubble .  may b e  w r i t t e n  as 
4 3 d %  dR d 




Now, h i s  t h e  s p e c i f i c  e n t h a l p y  of t h e  l i q u i d  j u s t  o u t s i d e  t h e  bubble .  
assume t h a t  t h e  t empera tu re  of t h e  l i q u i d  j u s t  o u t s i d e  t h e  bubb le  i s  t h e  same as 
t h e  t empera tu re  of t h e  vapor  i n s i d e  t h e  bubb le ,  t h e n  w e  can w r i t e  
I f  w e  L 
f g  
hv - hL = h 
where h i s  t h e  l a t e n t  heat of v a p o r i z a t i o n .  
f g 
(C-13) 
Combining Eq e (C-8) through (C-13) w e  o b t a i n  
c-4 
dh - --- I dpv I (C-14) dR d t  f g  'v d t  J d t  3 a = h 471pVRv dt 2 v + -  
Now w e  make t h e  impor t an t  s i m p l i f y i n g  assumption t h a t  t h e  terms w i t h i n  t h e  
b r a c k e t s  on t h e  r i g h t  hand s i d e  of Eq. (C-14) are n e g l i g i b l e  compared t o  t h e  
f i r s t  terms on t h e  r i g h t  hand s i d e .  With t h i s  assumption, w e  o b t a i n  
% h 47rpvRv 2 dt Rv 
d t  f g 
(C-15) 
which i s  Eq. (13) i n  t h e  tes t .  
W e  can n o t e  here t h a t  the v a l i d i t y  of n e g l e c t i n g  t h e  terms i n  t h e  b r a c k e t s  i n  
Eq. (C-14) can be  checked a P o s t e r i o r i  once t h e  s o l u t i o n  f o r  bubble  growth 
ra te  i s  ob ta ined .  T h i s  check does n o t  p rov ide  a b s o l u t e  a s su rance  t h a t  t h e  
terms are n e g l i g i b l e  but: a t  least does p rov ide  a check on t h e  s e l f - c o n s i s t e n c y  
of t h e  a n a l y s i s .  
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